Przeglad Statystyczny. Statistical Review, 2023, vol. 70, 4, 1-36 https://doi.org/10.59139/ps.2023.04.1
Received: 24.05.2024, revised: 6.07.2024, accepted: 9.07.2024

Modified Cramer-von Mises goodness-of-fit
test for normality

Piotr Sulewski, Damian Stoltmann®

Abstract. The first goal of the article is to apply the modified Cramer-von Mises (CM) goodness-
of-fit test for normality to a practical problem. The modification of the test involves varying the
formula for calculating the empirical distribution function (EDF). The critical values are obtained
using the Monte Carlo method for sample sizes n = 10,20 and at a significance level of a=0.05.
The second goal is to calculate the power of several tests for appropriately selected alternative
distributions. The article shows that the values of constants a, 8 in the EDF formula affect the
power of the CM test. The effectiveness of the new proposal is illustrated by the analysis of real
data sets.
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1. Introduction

Numerous goodness-of-fit tests (GoFTs) for normality have been considered and
applied in many fields of science, including medicine, quality control and hydrology.
GoFTs for normality are also very popular in economics and finance. They are used
to analyse market behaviour (the distribution of rates of return, trading volume or
asset prices), assess market efficiency, identify deviations from ideal market
conditions and analyse stochastic processes (asset prices or changes in commodity
prices). In econometrics, normality tests are used to check whether regression errors
are normally distributed. This is important for the proper evaluation of regression
models as the violation of the assumption of normality can lead to erroneous
statistical conclusions. In demography, on the other hand, the fertility curve is
almost normally distributed.

One of the most common normality testing procedures available in statistical
software is the Cramer-von Mises (CM) test (Cramér, 1928; von Mises, 1931), which
belongs to the group of empirical distribution function (EDF) tests. Other popular
EDF tests include the Kolmogorov-Smirnov (KS) test (Kolmogorov, 1933; Smirnov,
1948), the Lilliefors (LF) test (Lilliefors, 1967), the Kuiper (K) test (Kuiper, 1960), the
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Watson (W) test (Watson, 1962) and the Anderson-Darling (AD) test (Anderson &

Darling, 1952).

Recently, many articles have been devoted to goodness-of-fit tests (GoFTs) for

normality. Table 1 shows the authors of works created in the 21st century.

Table 1. Articles devoted to normal GoFTs created in the 21st century

Article Sample sizes Article Sample sizes
. 10, 30, 50, 100, 300,
Bonett and Seier (2002) 10, 20, ..., 50, 100 Afeez et al. (2018) 500, 1000
. . 15, 30, 50, 80, 100,
Aliaga et al. (2003) X Marange and Qin (2019) 150, 200

Bontemps and Meddahi
(2005)

100, 250, 500, 1000

Sulewski (2019)

10,12, ..., 30, 40,50

5, 6, ..., 15, 20, 25, 30,

Luceno (2006) 100 Tavakoli et al. (2019) 40, 50, ....100
Yazici and Yolacan (2007) (20, 30, 40, 50 Mishra et al. (2019) n<30, n>30
Gel et al. (2007) 20, 50, 100 Kellner and Celisse (2019) (50, 75, 100, 200, 300, 400

A Wijekularathna et al|5, 10, 20, 30, 50, 75, 100,
Coin (2008) 20, 50, 200 (2020) 500, 500, 1000, 2000
Brys et al. (2008) 100, 1000 Sulewski (2022) 10, 14, 20
Gel and Gastwirth (2008) (30, 50, 100 Hernandez (2021) 5,10, ...,30

- 10, 20, 25, 30, 40,
Romao et al. (2010) 25,50, 100 Khatun (2021) 50,100, 200, 300
20, 30, 50, 100, 200, ..., Arnastauskaité et  al|

Razali and Wah (2011)

500, 1000, 2000

(2021)

2A5,216,...,2A10

Noughabi
(2011)

and Arghami

10, 20, 30,50

Bayoud (2021)

10, 20,..., 50, 60, 80, 100

Yap and Sim (2011)

10, 20, 30, 50, 100, 300,
500, 1000, 2000

Uhm and Yi (2021)

10, 20, 30, 100, 200, 300

Chernobai et al. (2012)

X

Sulewski (2021)

20, 50, 100

Ahmad and Khan (2015)

10, 20, ..., 50, 100, 200,
500

Desgagné et al. (2022)

20, 50, 100, 200

Mbah
(2015)

and  Paothong

10, 20, 30, 50, 100, 200,

500, 1000, 2500, 5000

Uyanto (2022)

10, 30, 50, 70, 100

Torabi et al. (2016)

10, 20, 50, 100, 1000

Ma et al. (2024)

10,30, 50

10, 25, 50, 100, 250,500,

Feuerverger (2016) 200 Giles (2024) 1000

Nosakhare and Brlghtsl 10, ..., 50, 100 Borrajo et al. (2024) 50, 100, 200, 500
(2017)

Desgagné and Lafaye [Terdn-Garcia and

de Micheaux (2018) 10,12, ...,20,50,100, 2000 o Fornandez (2024) 2> %00

Note. Sample sizesn < 50 are in bold.

Source: authors’ work.

There are, of course, articles dedicated to the CM test. Durbin and Knott (1972)
compared the CM test with AD and W GoFTs. Pettitt and Stephens (1976) used the
CM test for a censored sample. Scott (2000) presented tables of unweighted CM
statistics for one and two samples, and compared them to the limiting distribution.
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Scott and Stewart (2011) presented tables for the Lilliefors distribution and the CM
distribution, which are used to test for normality when the population mean and
variance are unknown.

The small samples that dominate in Table 1 can be used in experimental
economics where published papers can be found that describe samples of a dozen or
so people in a group. In situations like these, strong testing proves very useful. In
terms of the results, a hypothesis accepted in the original paper may be rejected if a
more powerful test is applied.

Let X(1), X(2), -, X(n) be independent and identically distributed observations
from unknown continuous cumulative distribution function (CDF) F(x). We wish
to determine whether F(x) coincides with the CDF of normal distribution ®(x).
Then, we are interested in testing hypothesis Hy: F(x) = ®(x) against hypothesis
H,: F(x) # ®(x). The EDF is given by F,(x) = % Y™ 6(x — x;), where 8(x) = 1
forx = 0and 8(x) = 0 forx < 0.

The oO-corrected KS test (Harter et al,, 1984), investigated further by Khamis
(1990, 1992, 1993) redefines the value of the EDF at the data points and compares
the redefined EDF to the CDF at the data points. Let the EDF at the i-th data point be
given by

-8
n-26+1’

Fs(x) = <6f<1 (1)
Harter et al. (1984) selected § = 0,0.5,1 for their study.
Bloom (1958) proposed a, § transformation

i—a
Fa.ﬁ(x(i)) = m,a.ﬁ <1 (2)

to decrease the MSE of certain statistics. Note that Fss(x) = Fs(x). This
transformation was used to create GoFTs.

Sulewski (2022) used the Bloom formula to create the one-component Lilliefors
GoFT with statistic

LF, = Tﬁgfﬂf’a.ﬁ(x(i)) = @(xp) [} 3)

We know perfectly well that the greatest discrepancy between the theoretical and
empirical distribution functions may occur at different positions in the series. The
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probability of this discrepancy occurring for a given positional statistic r becomes
smaller the more extreme the r is. Hence the idea of a two-component test statistic
described in Sulewski (2021). The first component is, as in the original LF test, the
absolute value of the greatest discrepancy between sample and population
distributions. The second component is the position in an ordered sample at which
this discrepancy is located. The two-component Lilliefors statistic is given by

LF;(r) = max {IFap(x@) = @(x)|}- (4)

i

Simulation studies for the one- and two-component Lilliefors tests were carried out
for the following methods of calculating F, g (x@)) (@, B < 1):

1. F0,1(x(i)) = i - occurs in the KS statistic;

2. F1,0(x(i)) = % - occurs in the KS statistic;

i—0.5 ) .
3. Fys05 (x(i)) =" - occurs in the CM statistic;
4. F, (x ; ) = — _ the mean value of i-th order statistics of the beta distribution;
00\*DJ ~ hiq

5. Fos03(X()) = s

n

— the median of i-th order statistics of the beta distribution;

6. Fy3750375 (x(i)) = iy:f:;: - the mean value of i-th order statistics of the normal
distribution;
i-0.3175 -
7. F0_3175_0_3175(x(i)) T founded by Filliben (1975);
8. Fm(x(l-)) = :1%11 - founded by Harter et al. (1984).

In six of the EDF definitions listed above (except Fy; and F; o), @ = f.

The first goal of this paper is to propose a modified CM test for normality. The
second goal is to calculate the power of several tests for appropriately selected
alternative distributions (alternatives).

The rest of this paper is structured as follows. In Section 2, we define a new
version of the CM test. The similarity measure of the alternative to the normal
distribution is described in Section 3. Section 4 presents the alternatives divided into
nine groups according to their skewness and excess kurtosis. Simulation studies are
presented in Section 5 and real data examples are provided in Section 6. Finally, the
concluding remarks are presented in Section 7. Additional material can be found in
the Appendix.

2. Modified Cramer-Von Mises test for normality

The CM statistic belongs to the class of quadratic EDF statistics with measure
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n [ [Fy(x) — F(x)*w(x)dF (x), (5)

where w(x) is a weighting function. When the weighting function is w(x) = 1, the
CM statistic is obtained:

n [2,[Fa() = FQ)P*dF (). (6)
The CM test for normality is defined based on the following statistics:
M =n [ [F(x) — @) ¢(x; 1, 0)dx, (7)

where ¢(x), ®(x) are the PDF and CDF of the normal distribution, respectively. The
simpler form of the CM statistic is

CM=—+3", [fb(x(i)) B i_:l)'s]z‘ Y

12n
The CM test is also presented in the second version, namely (Stephens, 1974)
1
M, = (1+5-)cm. 9)

We define the modified CM (MCM) statistic using the Bloom formula. The MCM
statistic is given by

MCVM(a, ) = =+ S1, [@(xw) — Fap(x)]” (10)

where a,f € [0,1]. Note that MCVM(0.5,0.5) = CVM. H, is rejected for large
MCV M statistic values.

3. Similarity measure

Let us assume that
- _ 1 2 1 -N\2 _ (X(l‘)—f)
X =YX, st = N (g — %)%,z = =

. m (i

1 Nk _
my = ;Z?ﬂ(x(i) - x) V1 = 5_33> V2= "

Let us remember that the Malachov inequality is defined as y, = y,% — 2.
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A review of recent statistical literature shows that the small skewness y; and
excess kurtosis y, values do not dominate in testing for normality. It is very
interesting to see how the GoFTs respond to samples coming from alternatives close
to the normal distribution.

Let f(x;0) be a PDF of the alternative with vector of parameters 0. Similarity
measure M of alternative (A) to the normal distribution is defined as (Sulewski, 2022)

M8 1,0) = [© min[f(x; 0), d(x; , 0)]dx, (12)

where ¢(x; u, o) is the PDF of the normal distribution. M,(0; 4, o) takes on the
values of [0, 1]. M,(0; i, 0) = 1 when PDFs are identical.

Figure 1 shows the values of similarity measure (12) when an alternative is the
skew normal (SN) distribution (Azzalini, 1985) with PDF foy(x;a) =
2¢(x;0,1)®(ax; 0,1) (a € R). Note that if a » Foo, then Mgy (a; 0,1) = 0.5.

Figure 1. Similarity measure Mgy (a; 0, 1) for the skew normal distribution

Similarity measure M

Source: authors’ work.

4, Alternative distributions

As mentioned earlier, there are many articles devoted to testing for normality. In
these articles, a lot of alternative distributions (alternatives) were used, including
both asymmetric and symmetric ones. Symmetric distributions with undefined y;
and ¥, are Cauchy and slash distributions.

According to the statistical literature, alternatives can be divided into four groups,
depending on the support and shape of their densities (see e.g. Esteban et al., 2001;
Torabi et al., 2016). These groups include symmetric alternatives with support
(—00, ), asymmetric alternatives with support (—oo, ), alternatives with support
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(0, ) and alternatives with support (0, 1). Gan and Koehler (1990), Krauczi (2009)
and Torabi et al. (2016) divided alternatives into five groups: asymmetric short-
tailed, asymmetric long-tailed, symmetric short-tailed, symmetric close to normal
and symmetric long-tailed alternatives.

Our idea is to divide alternatives into nine groups according to their y; and y,
signs. Groups O-H are defined in Table 2.

Table 2. Groups of alternatives with signs of y; and 7,

Group V1 V2
(o) zero zero
A positive positive
B negative positive
C zero positive
D zero negative
E positive negative
F negative negative
G positive zero
H negative zero

Source: authors’ work.

The main criterion for selecting an alternative for the Monte Carlo simulation is
that y; and y, calculated for the alternative parameters belong to the O, A-H
groups. This criterion is fulfilled by distributions defined in an infinite domain such
as:

o the Edgeworth series (ES) with parameters y; and y, as a monolithic distribution;

o the Pearson distribution (P) with parameters y; and ¥, as a monolithic
distribution;

e the normal mixture distribution (NM) with 5 parameters as a mixture of two
normal distributions;

o the normal logistic mixture distribution (NLM) with 5 parameters as a mixture of
normal and non-normal distributions;

e the normal distribution with a plasticising component (NDPC) with six
parameters as a mixture of two various distributions;

e the plasticising component mixture (PCM) with seven parameters as a mixture of
two identical non-normal distributions that characterise multimodality.

We chose values of alternative parameters to obtain desired similarity measure
values of the alternative to the normal distribution. These analysed values, if
possible, are 0.5,0.75, 0.9.

The appendix presents Tables 1A-6A with vectors of alternative parameter 0,
mean [,, standard deviation o,, skewness y;, excess kurtosis ¥, and similarity
measure M for the analysed alternatives. The PDF formulas and PDF curves (see
Figures 1A-6A) for the alternative 8 values are also provided in the Appendix. As
can be seen in Figure 1A, the ES distribution is not suitable for simulation studies as
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negative PDF values are observed even though the normalisation condition is met.
Figure 2A indicates very interesting bimodal shapes. Figure 3A and Figure 5A
present both unimodal and bimodal shapes. Figure 4A shows unimodal shapes,
while very interesting multimodal shapes may be observed in Figure 6A.

5. Power comparisons

The new MCM (a, B) test, where MCM (0.5, 0.5) = CM was compared with the CMg,
AD, LF and the Shapiro-Wilk (SW) (Shapiro & Wilk, 1965) tests. To study the
power of each of the discussed tests, critical values cvg o5 (type I error equals a =
0.05) were estimated using m = 10° order statistics. The power of tests (PoTs) was
calculated based on rep = 105 test statistic values.

Table 3 shows critical values and test sizes of the analysed GoFTs for sample sizes
n =10,20 and a = 0.05. The TS values are close to 0.05, so the simulation
procedures are correct.

Table 3. Critical values (CV) and test sizes (TS) of the analysed GoFTs for sample sizesn = 10, 20

cv TS
No GOFT
n=10 n =20 n=10 n=20
1 MCM (0,1) 0.15247 0.14008 0.051 0.051
2 MCM(1,0) 0.15232 0.13992 0.051 0.051
3 MCM (0,0) 0.11423 0.11992 0.052 0.051
4 MCM (0.3,0.3) 0.11487 0.12035 0.052 0.051
5 IMCM (1,1) o 0.14934 0.13820 0.052 0.052
6 IMCM (0.375,0.375) ... 0.11612 0.12101 0.052 0.051
7 MCM(0.3175,0.3175) .. 0.11510 0.12048 0.052 0.051
8 IMCM(0.5,0.5) = CM .. 0.11922 0.12285 0.051 0.051
9 CM 0.12518 0.12593 0.051 0.051
10 IAD 0.68511 0.72118 0.052 0.051
11 LF 0.26186 0.19187 0.051 0.050
12 sw” 0.84451 0.90441 0.051 0.050

Note. H, is rejected for small statistical values.
Source: authors’ work.

Tables 7A-14A show how a selection of the EDF influences the power of the
MCM test. The alternatives are indexed. The larger the index (ID), the more the
distribution resembles a normal distribution, i.e. the PoTs should decrease as the
index value increases. ID = 1 denotes similarity measure M = 0.5, while ID =4
denotes similarity measure M = 0.95. The highest PoTs of the MCM (a, 8) values
are underlined. The highest PoTs for all the analysed tests are in bold.

The simulation results in Tables 7A-14A show that the MCM test with the analysed
EDFs is the most powerful for all the considered similarity measures, alternatives and
n = 10,20 (n = 10) in 83.75% (94.38%.). The new proposal for group of alternatives
A and n = 10, 20, (n = 10) is the most powerful in 82.5% (100%), for group B and
n = 10,20, (n = 10) is the most powerful in 85% (100%), for group C and n =
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10, 20, (n = 10) is the most powerful in 67.50% (90%), for group D and n = 10, 20,
(n = 10) is the most powerful in 77.5% (85%), for group E and n = 10, 20, (n = 10)
is the most powerful in 92.5% (95%), for group F and n = 10, 20, (n = 10) is the
most powerful in 90% (95%), for group G and n = 10,20, (n = 10) is the most
powerful in 87.5% (95%) and for group H and n = 10,20, (n = 10) is the most
powerful in 87.5% (95%). MCM (0, 1) with Fy; (x()) = i dominates for groups A, E
and G. MCM(1,0) with F, (x(l-)) = % dominates for groups B, F and H.
MCM(0,0) with F1,1(x(i)) =% dominates for group C and MCM(0,0) with
FO,O(x(i)) = ﬁ dominates for group D. Powers of the CM and CM; tests are the
same. We assume that a GoFT detects abnormal samples if its power is at least 0.06.
Thanks to similarity measures M = 0.9,0.95, this situation occurs in 30%. For
alternatives P, NM, NLM, NDPC and PCM, the test power is less than 0.6 in 14%, 45%,

4%, 44% and 43% of cases, respectively. For alternative groups A - H, the test power is
less than 0.6 in 20%, 18%, 22%, 49%, 32%, 35%, 27% and 37% of cases, respectively.

6. Real data examples

In this section, we present an application of the MCM test in eight real data sets to
illustrate its potentiality. Details related to examples I — VIII are presented in Table
4.

Table 4. Real data examples with sources, sample size, skewness and excess kurtosis values

Ex Description Source n\|vil|v
| Strength measured in GPA for single carbon fibres and impregnated
1,000-carbon fibre tows (gauge lengths of 20 mm):1.312, 1.314, 1.479, ~
1.552, 1.7, 1.803, 1.861, 1.865, 1.944, 1.958, 1.966, 1.997, 2.006, 2.021, =y
2.027,2.055, 2.063, 2.098, 2.14, 2.179, 2.224, 2.24, 2.253, 2.27,2.272, 2.274, S = =¥
2.301, 2.301, 2.359, 2.382, 2.382, 2.426, 2.434, 2.435, 2.478, 2.49, 2.511, it NS 3lg
2.514, 2.535, 2.554, 2.566, 2.57, 2.586, 2.629, 2.633, 2.642, 2.648, 2.684, % | I
2.697, 2.726, 2.77, 2.773, 2.8, 2.809, 2.818, 2.821, 2.848, 2.88, 2.809, 2.818, ”26
2.821, 2.848, 2.88, 2.954, 3.012, 3.067, 3.084, 3.09, 3.096, 3.128, 3.233,
3.433, 3.585, 3.585.
I Macroeconomic data set with information on the number of members of o F
the armed forces o El IS
xx @ O]
9 g T |lo|o
Qs | |
11l Socio-economic data (percentage of males involved in agriculture as ° —
occupation) for 47 French-speaking provinces of Switzerland o =l &
o X a ~N on ~
us |Y|3S|c
s 2 T
Q n
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Table 4. Real data examples with sources, sample size, skewness and excess kurtosis values (cont.)

v Socio-economic data (percentage of draftees receiving the highest mark © — .
on army examination) for 47 French-speaking provinces of Switzerland 20 3| =
~ o
o % ) A B =
S 2 S
aQ & |
\% Average heights for American women aged 30-39 o=
> =
=£E |2lel8
c 5 |
ez
Vi Percent proportion of favourable responses to the question on v
promotion opportunities from a survey of the clerical employees of a 3 = o
large financial organisation; the data are aggregated from the § g I g %
questionnaires of approximately 35 employees for each of the 30 ;— = [
©
(randomly selected) departments.
Vi Percent proportion of favourable responses to the question on °© =
opportunities to learn from a survey of the clerical employees of a large 9 o |
! . N . . X T ol |~
financial organisation; the data are aggregated from the questionnaires 9 3 @la| S
of the approximately 35 employees for each of the 30 (randomly g— k= S|
selected) departments. ©
Vil Percent proportion of favourable responses to the question whether the ~
organisation does not allow special privileges from a survey of the clerical 5T NS
. . . . ©
employees of a large financial organisation; the data are aggregated from | o =2 g b g Lo"?
the questionnaires of the approximately 35 employees for each of the 30 3 E [N
©
(randomly selected) departments.

Source: authors’ work.

analysed GoFTs based on 10° statistic values (see Table 5).

Table 5. The p-values for the GoFTs related to examples |-Vl

When fitting the normal distribution to the data, we calculate the p-values for the

GoFT | 1l 1 \% \'% Vi Vil Vil
MCM(0,1) 0.829 | 0.237 | 0.304 | 0.250 | 0.906 | 0.027 | 0.215 | 0.638
MCM(1,0) 0.660 | 0.090 | 0.149 | 0.493 | 0.907 | 0.005 | 0.455 | 0.516
MCM(0,0) 0.775 | 0.119 | 0.171 | 0.380 | 0.797 | 0.011 | 0315 | 0.533
MCM(0.3,0.3) 0.763 | 0.127 | 0.192 | 0.362 | 0.897 | 0.010 | 0312 | 0.563
MCM(1,1) 0.724 | 0.162 | 0.256 | 0.327 | 0.996 | 0.010 | 0.313 | 0.630
MCM(0.375,0.375) .coovercrvrrrcrrsrnnncnans 0.759 | 0.129 | 0.198 | 0.358 | 0.918 | 0.010 | 0312 | 0.571
MCM(0.3175,0.3175) 0.762 | 0.127 | 0.193 | 0.361 | 0.902 | 0.010 | 0312 | 0.565
MCM(0.5,0.5) = CM 0.753 | 0.134 | 0.208 | 0.352 | 0.946 | 0.010 | 0.311 0.584
CM 0.753 | 0.134 | 0.208 | 0.352 | 0.946 | 0.010 | 0.311 0.584
AD 0.756 | 0.106 | 0.195 | 0.362 | 0.925 | 0.015 | 0.417 | 0.567
LF 0.826 | 0.094 | 0.231 | 0.287 | 0.996 | 0.028 | 0.529 | 0.568
sw 0.728 | 0.111 | 0.191 | 0.254 | 0.729 | 0.034 | 0.640 | 0.552

Note. The optimal MCM(a,B) test is underlined. The lowest p-value for all the analysed tests are in bold.

Source: authors’ work.

The optimal MCM (a, B) test for examples I-I1I, VI and VIII is the MCM(1,0)
test. The obtained result is consistent with the simulation results showing that for
groups B (y; < 0,7, > 0) and F (y; < 0,7, < 0), the most powerful is MCM (1, 0).
Non-normality is the most pronounced by the MCM (1, 0) test.
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The optimal MCM (a, B) test for examples IV and VII is the MCM (0, 1) test. The
obtained result is consistent with the simulation results indicating that for groups E
(y1 > 0,7, < 0), the most powerful is MCM (0, 1). The non-normality is the most
pronounced by the MCM (0, 1) test.

The optimal MCM (e, B) test for example V is the MCM (0, 0) test. The obtained
result is consistent with the simulation results stating that for groups D (y; =
0,7, < 0), the most powerful is MCM(0,0). The non-normality is the most
pronounced by the SW test.

7. Real data examples

The obtained results show that the methods of calculating the EDF depend on the
nature of the non-normal (alternative) distribution. There is a method of calculating
the EDF F, g(x;) for groups A - H which maximises the power of the MCM (a, )
test. MCM (0, 1) dominates for alternative groups A, E and G, MCM (1, 0) for groups
B, Fand H, MCM (1, 1) for group C and MCM (0, 0) for group D.

The new proposal is the most powerful in 95% of the cases for n = 10 and in 84%
of the cases for n = 20.

The new GoFT is the best in 100% of cases in groups A and B, in 90% of cases in
group C, in 85% of cases in group D and in 95% of cases in groups E - H.

For the normal logistic mixture and Pearson distributions, the analysed tests do not
detect abnormal samples in only 4% and 14% of cases, respectively. With regards to the
alternative groups, the best results are achieved by groups B, A and C (asymmetric
alternatives with a positive excess kurtosis), while the worst by group D (symmetrical
alternatives with a negative excess kurtosis).

The good performance of the MCM test against other most popular GoFTs is illustrated
through the analysis of real data sets.

Appendix

Edgeworth series distribution
PDF of the Edgeworth series (ES) with parameters y; and ¥, is given by

_ 1 1 _
fes(x:v1,72) = 9(x;0,1) (1 + 271, (63 = 3%) + 7 (x* — 6x% + 3)) (x €R),

wherey; € R,7, = —2.
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Table 1A. Vectors of ES parameter 0, mean y,, standard deviation o,, skewness y,,
excess kurtosis 7, and similarity measure M. Groups O, A-H

Group 0= (y1,72) Ha Oa V1, V2 M(8; u,0)
0 (0,0) 0 1 0 0 M(0;0,1) = 1

0.4,3.33 0 1 0.4 3.33 M(6;0,1) = 0.8

A 0.3,2.499 0 1 0.3 2.499 M(0;0,1) = 0.85
0.2, 1.666 0 1 0.2 1.666 M(6;0,1) = 0.9

0.1,0.833 0 1 0.1 0.833 M(0;0,1) = 0.95
-0.4,3.33 0 1 -0.4 3.33 M(6;0,1) = 0.8

B -0.3, 2.499 0 1 -0.3 2.499 M(6;0,1) = 0.85
-0.2, 1.666 0 1 -0.2 1.666 M(0;0,1) =0.9

-0.1,0.833 0 1 -0.1 0.833 M(0;0,1) = 0.95
0,3.428 0 1 0 3.428 M(0;0,1) =0.8

c 0,2.571 0 1 0 2.571 M(0;0,1) = 0.85
0,1.71 0 1 0 171 M(8;0,1) = 0.9

0,0.85 0 1 0 0.85 M(0;0,1) = 0.95
0,-3.428 0 1 0 -3.428 M(6;0,1) = 0.8

5 0,-2.571 0 1 ol 257 M(8;0,1) = 0.85
0,-1.71 0 1 0 -1.71 M(6;0,1) = 0.9

0,-0.85 0 1 0 -0.85 M(8;0,1) = 0.95

1.39,-0.067 0 1 1.39 -0.067 M(0;0,1) = 0.825

E 1.175,-0.46 0 1 1.175 -0.46 M(6;0,1) = 0.85
0.775,-0.408 0 1 0.775 -0.408 M(0;0,1) =0.9

0.39,-0.15 0 1 0.39 -0.15 M(0;0,1) = 0.95

-1.39,-0.067 0 1 -1.39 -0.067 M(0;0,1) = 0.825

E -1.175,-0.46 0 1 -1.175 -0.46 M(0;0,1) = 0.85
-0.775,-0.408 0 1 -0.775 -0.408 M(0;0,1) = 0.9

-0.39,-0.15 0 1 -0.39 -0.15 M(0;0,1) = 0.95

1.391,0 0 1 1.391 0 M(0;0,1) = 0.825

G 1.19,0 0 1 1.19 0 M(0;0,1) = 0.85
0.795,0 0 1 0.795 0 M(6;0,1) = 0.9

04,0 0 1 0.4 0 M(0;0,1) = 0.95

-1.391,0 0 1 -1.391 0 M(0;0,1) = 0.825

H -1.19,0 0 1 -1.19 0 M(0;0,1) = 0.85
-0.795,0 0 1 -0.795 0 M(0;0,1) =0.9

-04,0 0 1 -0.4 0 M(0;0,1) =0.95

Source: authors’ work.
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Figure 1A. PDF curves of the Edgeworth series distribution for parameter values
presented in Table 1A
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Pearson distribution

Let a= 372_31/12 b= 'ZMZ?) , €= 47f_3Y122+12 ,A =b?—4ac, then the
10y, —-5y;+12 10y,-5y;+12 10y,—5y; +12
PDF of the Pearson (P) distribution is given by
( exp [ 2ab—b
a(2ax + b) A= 0
C,(2ax + b)1/a
exp [ b—2ab tan-1 < 2ax +b )]
o070, 72) = av4dac — b? Vdac — b? A< 0
P C,(ax? + bx + ¢)/(Ca)
b—2ab
<2ax +b—+Vh% - 4ac)2a\/b2-4a€
2ax + b + Vb2 — 4ac AS 0
C3(ax? + bx + c)V/ )
( exp [ 2ab—b
a(2ax + b) A= 0
C,(2ax + b)1/a
exp [ b—2ab tan-1 < 2ax +b )]
(70, 72) = av4dac — b? Vdac — b? A< 0
P C,(ax? + bx + ¢)1/ () ’
b—2ab
<2ax + b — Vb2 — 4ac)2a\/b2-4a€
2ax + b + Vb2 — 4ac AS 0

C;(ax? + bx + ¢)¥/ (2

where x € R,y;, € R,¥, = —2 and C;, C;, C3 are normalising constants defined as

ex [ 2ab—b ]
= ® pa(2ax+b)d
17 ). Rax+bp)ve X
exp[ b — 2ab an‘1< 2ax+b )]
C, = ° av4ac — b? V4ac — b? dx
27 ). (ax? + bx + ¢)V/(29) ’
b—2ab
2ax + b — VA 2aVa
*® \2ax +b + VA
C3 = > o) dx.
—oo Cglax? + bx +¢)
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Table 2A. Vectors of the Pearson distribution parameter 8, mean y,, standard deviation g,
skewness y;, excess kurtosis y, and similarity measure M. Groups O, A-H

Group 0= (y1,72) Ha Oa Y1, V2 M(6; u,0)

0 0,0) 0 1 0 0 M(8;0,1) = 1
(2.04,4.1) 0 1 2.04| 4.1 M(6;0,1) =0.5

A (1.62, 3.845) 0 1 1.62] 3.845 M(6;0,1) =0.75
(0.9,2) 0 1 0.9 2 M(@®;01)=09

(0.4,0.94) 0 1 04 094  M(8;0,1) = 0.95

(-2.04,4.1) 0 1 -2.04 41 M(8;0,1) = 05

B (-1.62, 3.845) 0 1 -1.62 3.845 M(6;0,1) =0.75
(-0.9,2) 0 1 09 2 M(®01)=09

(-0.4,0.94) 0 1 -0.4 0.94] M(6;0,1) = 0.95

0,11.2) 0 1 o 1.2 M(8;0,1) = 0.9

c (0,3.65) 0 1 0 365  M(8;0,1) = 0.925
(0,1.521) 0 1 0 1.521 M(0;0,1) = 0.95

(0,0.55) 0 1 0 0.55 M(6;0,1) = 0.975

(0,-1.695) 0 1 0 -1.695 M(6;0,1) =0.5

D (0,-1.315) 0 1 0 -1.315 M(6;0,1) =0.75
(0,-0.89) 0 1 0 089  M(8;0,1) = 0.9

(0,-0.588) 0 1 o 0588  M(8;0,1) = 0.95

(0.985, -0.5) 0 1 0.985 -0.5 M(6;0,1) =0.5

E (0.715,-0.475) 0 1 0.715 -0.475| M(6;0,1) =0.75
(0.515,-0.2) 0 1 0515 02 M(8;01) =09

(0.315,-0.16) 0 1 0.315 -0.16 M(6;0,1) =0.95

(-0.985, 0.5) 0 1 -0.985 05 M(8;0,1) = 0.5

F (-0.715, -0.475) 0 1 -0.715 -0.475| M(0;0,1) =0.75
(-0.515,-0.2) 0 1 -0.515 -0.2 M(6;0,1) =09

(-0.315,-0.16) 0 1 -0.315 -0.16| M(6;0,1) =0.95

(1.164, 0) 0 1 1.164| 0 M(6;0,1) =0.5

. (0.879, 0) 0 1 0.879 0  M(8;01) =075
(0.578,0) 0 1 0.578 0 M(8;0,1) = 0.9

(0.354,0) 0 1 0.354 o M(8;0,1) =095

(-1.164,0) 0 1 164 o M(®;01)=05

H (-0.879, 0) 0 1 -0.879 0 M(6;0,1) =0.75
(-0.578,0) 0 1 0578 o  M(®;0,1) =09

(-0.354, 0) 0 1 -0.354 0  M(8;01) =095

Source: authors’ work.

Figure 2A. PDF curves of the Pearson distribution for parameter values presented in Table 2A
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Figure 2A. PDF curves of the Pearson distribution for parameter values presented in Table 2A (cont.)
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Normal mixture distribution

PDF of the normal mixture (NM) distribution is given by

fam(x;0) = wp(x; uy, 00) + (1 — w)P(x; pyp, 05) (x €R),

where 0 = (yq, 04, 3, 05, @) and Yy, Uy € R, 01,0, > 0,w € [0, 1]. Special cases of
the NM distribution are:

e normal N(uy,0;) for w = 1, N(uy, g;) for w = 0;

e Jocation contaminated normal (LCN)
frem (6 e, @) = fum (% 11, 1,0,1, w);

e scale contaminated normal (SCN)

fsem(x; 01, @) = fyu(x;0,01,0,1, w).
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Table 3A. Vectors of the NM parameter 8, mean u,, standard deviation ag,, skewness y;, excess

kurtosis 7, and similarity measure M. Groups O, A-H

Group 0 = (i1, 04, {3, 03, @) Ha Oq Y1, V2 M(8; u,0)

o (1, 01, 42,02, 1) 0 1 0 0 M py,00) =1
(141,01, 13,02, 0) Y 1 0 0 M(®;pp,0,) =1

0.572,2.472,5.614, 3.454,0.787 1.646/ 3.408 0.685 0.755 M(0;0,1) =0.5

A -0.215, 1.254,1.979, 1.99, 0.639 0.577 1.883| 0.645 0.502] M(6;0,1) = 0.75
0.497, 1.376,-0.268, 0.884, 0.612 0.2l 1.265 0.287| 0.249 M(6;0,1) =09

-0.098, 0.857,0.31, 1.007, 0.767 -0.003] 0.911 0.09 0.099 M(6;0,1) = 0.95

0.502, 2.019, 1.708, 0.953, 0.36 1.274 1.544) -0.748 1.502 M(6;0,1) =05

B 0.06, 1.437,1.004, 0.609, 0.634 0.406| 1.285 -0.5 0.499 M(6;0,1) = 0.75
0.709, 0.368, -0.072, 1.115,0.193 |  0.079| 1.06| -0.301 0.15 M(6;0,1) =09

0.159, 0.955,-0.123,1.158,0.271 | -0.047] 1.114] -0.05] 0.059 M(6;0,1) = 0.95

0.519, 6.599, 0.519, 1.058, 0.665 0.519 5.416 0 1.398 M(6;0,1) =0.5

C 0.137,0.581,0.137, 2.391, 0.294 0.137| 2.034 0 1.054 M(6;0,1) =0.75
0.225,1.106, 0.225, 0.335, 0.89 0.225| 1.049| 0 0.299 M(0;0,1) =09

-0.09, 1.029,-0.09, 1.37,0.825 -0.09 1.096 0 0.201 M(6;0,1) = 0.95
2.303,0.51,0.624,0.481,0.515 1.489] 0.975] 0 -1.099 M(0;0,1) =0.5

D 2.707,0.013,0.017,1.125,0.238 0.657| 1.509 0 -1.001 M(6;0,1) = 0.75
1.243,0.621,-0.39,0.811, 0.347 0.111 1.09 0 -0.63 M(6;0,1) =09
-1.112,0.794, 0.023,0.974,0.13 0 0.897 0 -0.329 M(6;0,1) = 0.95
-0.475,2.22,5.318,2.427,0.721 1.141] 3.457 0.5 -0.204 M(6;0,1) =05

E -0.019, 1.369, 2.979, 1.15, 0.829 0.494 1.748 0.339 -0.1 M(6;0,1) = 0.75
0.077,0.844, 1.108, 0.779, 0.845 0.237, 0914, 0.074] -0.035 M(6;0,1) =09

1.091, 0.969,-0.111, 1.056, 0.1 0.009] 1.108 0.05| -0.01 M(6;0,1) = 0.95

-0.692, 0.705, 2.1, 0.679, 0.324 1.195 1.476| -0.542| -0.852 M(0;0,1) =0.5

E -0.055, 1.277,1.781,0.443,0.775 0.358 1.377 -0.3] -0.5] M(6;0,1) =0.75
-0.09, 1.08, -1.581,0.92, 0.9 -0.239 1.155| -0.071| -0.042 M(0;0,1) =09

0.386, 0.845, -0.145,0.918, 0.1 -0.092] 0.925 -0.01] -0.011 M(6;0,1) = 0.95

2.686, 3.099, -0.964, 2.217,0.471 0.755] 3.232 0.4 0 M(0;0,1) =0.5

G -0.56, 1.465,1.411,1.45,0.8 -0.166, 1.661| 0.151 0 M(6;0,1) = 0.75
-0.286, 1.114, 0.984, 1.105,0.801 | -0.033] 1.222| 0.101 0] M(6;0,1) =09
-0.232,0.938,0.727,0.897,0.878 | -0.115 0.984] 0.051 0] M(6;0,1) = 0.95
2.425,1.101,0.272, 1.693, 0.526 1404, 1.775| -0.499 0 M(6;0,1) =05

H 0.864, 1.125,-1.339, 1.241, 0.735 0.28 1.511] -0.386 0 M(6;0,1) = 0.75
0.429, 1.078, -0.364, 1.228, 0.434 -0.02 1.23 -0.1 0 M(6;0,1) =09

0.108, 1.088,-0.524, 1.073,0.879 | 0.032] 1.106] -0.01 0] M(6;0,1) = 0.95

Source: authors’ work.
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Figure 3A. PDF curves of the normal mixture distribution for parameter values presented in

Table 3A (cont.)
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Source: authors’ work.

Normal logistic mixture distribution
PDF of the normal logistic mixture (NLM) distribution is given by

.0) — . _ exp[—(x—p2)/ 0]
fNLM(xi e) - a)(l)(x, [11,0'1) + (1 (IJ) oo {1+xp[~(x—pz)/ 03]} (x € R)’
where 0 = (1q, 0, U3, 05, w) and Yy, Uy € R, 01,0, > 0,w € [0, 1]. Special cases of
the NLM distribution are:
e normal N(uy,0;) forw = 1;
e logistic (L) f,(x; uy, 05) for w = 0.
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Table 4A. Vectors of NLM parameter 8, mean p,, standard deviation g, skewness y;, excess
kurtosis 7, and similarity measure M. Groups O, A-H

Group 0= (:ulr 01, Uz, 02, (.0) Ha Oq Y1, ]72 M(e: H U)
o (11,01, 43, 0, 1) 0 1 0 0 MO py,0) =1
0.003, 0.223,1.17,0.701, 0.823 0.209 | 0.571 | 2.012 | 4307 M(6;0,1) =05
A 2.179,2.001,-0.212,0.917,0.15 | 0.146 | 1.429 | 1.408 | 3.475 M(6;0,1) = 0.75
0.089, 1.119, 0.66, 1.78, 0.9 0.146 | 1.214 | 0.173 | 0.585 M(6;0,1) =0.9
-0.063, 1.019, 1.533,0.962, 0.9 0.096 | 1.121 | 0.173 | 0.093 M(6;0,1) = 0.95
1.305,0.572,0.281, 1.747,0.545 | 0.839 | 1.351 | -0.851 | 1.731 M(6;0,1) = 0.5
B 0.449,0.572,0.281, 1.669,0.479 | 0.361 | 1.271 [ -0.151 | 1.731 M(6;0,1) = 0.75
0.146, 0.843, 0.128, 1.669, 0.73 0.141 | 1.127 | -0.015 | 1.578 M(6;0,1) =09
0.034, 0.974, 0.038, 0.767,0.535 | 0.035 | 0.884 | -0.002 | 0.158 M(6;0,1) = 0.95
1.382,0.88, 1.382, 1.769, 0.242 1.382 1.6 0| 0.465 M(6;0,1) =0.5
c 0.536, 1.412,0.536, 1.855,0.9 0.536 | 1.462 0] 0.124 M(6;0,1) = 0.75
0.107,0.595,0.107,0.528,0.142 | 0.107 | 0.538 0| 0.025 M(6;0,1) =09
0.021, 0.875, 0.021, 0.756, 0.9 0.021 | 0.864 0] 0018 M(6;0,1) = 0.95
2.664, 1.103, 0.28, 1.333, 0.352 1.119 | 1.696 0 [-0.458 M(6;0,1) = 0.5
D 0.772,1.253,-1.236,0.706, 0.899| 0.569 | 1.353 0 [ -0.268 M(6;0,1) =0.75
0.952, 0.489, 0.008, 0.682, 0.12 0.121 | 0.729 0[-0.176 M(6;0,1) = 0.9
0.321,0.631, -0.209, 0.665, 0.268| -0.066 | 0.697 0 [-0.035 M(6;0,1) = 0.95
2.917,1.445,0.207,1.5,0.292 0.999 | 1.929 | 0.201 | -0.237 M(6;0,1) = 0.5
E 0.277,0.569, 1.43,0.334,0.9 0.392 | 0.650 | 0.162 | -0.205 M(6;0,1) = 0.75
0.425,0.956,-0.714,0.775,0.673| 0.053 | 1.047 | 0.106 | -0.199 M(6;0,1) =09
-0.19, 0.909, 0.928, 0.889,0.778 | 0.058 | 1.017 | 0.107 | -0.034 M(6;0,1) = 0.95
0.757,0.486, 1.444, 0.459, 0.45 1.134 | 0.582 | -0.105 | -0.24 M(6;0,1) =0.5
E 0.263, 0.905, 1.505,0.832,0.571 | 0.795 | 1.069 | -0.040 | -0.232 M(6;0,1) = 0.75
-0.435,0.71,0.495,0.765,0.286 | 0.229 | 0.859 | -0.038 | -0.123 M(6;0,1) =0.9
0.004,1.011,-1.433,0.77,0.9 -0.139 | 1.079 | -0.038 | -0.115 M(6;0,1) = 0.95
0.131,0.191, 2.38, 1.824, 0.393 1.497 1.8 | 0.807 0 M(6;0,1) = 0.5
G 1.419,1.558,-0.332,0.321,0.649| 0.804 | 1.520 | 0.688 0 M(6;0,1) =0.75
-0.049, 0.982, 1.642,0.994,0.781| 0.322 | 1.208 | 0.275 0 M(6;0,1) = 0.9
-0.104, 0.984, 0.585, 0.981, 0.802| 0.032 | 1.021 | 0.028 0 M(6;0,1) = 0.95
1.558,1.02,-2.125,0.982, 0.794 0.8 1.8 -0.8 0 M(6;0,1) = 0.5
H 0.769,1.037,-1.115, 1.083, 0.762| 0.320 | 1.320 | -0.320 0 M(6;0,1) = 0.75
-0.071, 0.854, 0.669, 0.714, 0.496| 0.302 | 0.869 | -0.186 0 M(6;0,1) =09
0.176, 0.841,-0.229, 0.858,0.64 | 0.030 | 0.869 | -0.019 0 M(6;0,1) = 0.95

Source: authors’ work.

Figure 4A. PDF curves of the normal logistic mixture distribution for parameter values
presented in Table 4A
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Figure 4A. PDF curves of the normal logistic mixture distribution for parameter values
presented in Table 4A (cont.)
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Source: authors’ work.

Normal distribution with plasticising component
PDF of the normal distribution with plasticising component (NDPC) is given by

c c
X—Ha|™? 2

a2

"ol

o2

1) (x € R),

fNDPC(x; 0) = w¢(x; #1'0'1) +(1- w)z_z

where 0 = (uy, 04, Uz, 05,¢5,w) and pq, 4, € R, 04,0, >0,¢c, 21,0 € [0,1].
Special cases of the NDPC distribution are:

e N(uy,0y) forw = 1and N(u,,0;) forc, = 1,0 = 0;

e plasticising component (PC) fpc(X; U, 05, ¢;) for w = 0.
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Table 5A. Vectors of NDPC parameter 0, mean u,, standard deviation o, skewness y;, excess
kurtosis 7, and similarity measure M. Groups O, A-H

Group 0 = (g, 01, i, 02, €3, ®) Ha Oq Y1, V2 M(0;u,0)

0 M1, 01, g, 02, C2, 1 0 1 0 0 M(0;uy,00) =1
1,01, Up,05,1,0 0 1 0 0| M(O; u,,0,) =1
1.948,1.27,1.143,0.793, 1.482,0.324 1.404{ 1.009| 0.599 0.853 M(6;0,1) =05

A 0.265, 0.415,0.996, 1.541, 1.16,0.313 0.767| 1.288| 0.426| 0.152] M(6;0,1) =0.75
0.173,0.358,0.289, 1.268, 1.132,0.198 | 0.266| 1.104| 0.056| 0.071 M(6;0,1) =09
0.047,1.02,-0.014,0.872,1,0.214 -0.001| 0.906| 0.012] 0.06 M(6;0,1) = 0.95
0.895,0.421,-0.141, 1.9, 3.141, 0.872 0.762| 0.804] -2| 5.085 M(6;0,1) = 0.5

B 0.539,0.632,-1.078,2.061, 1.174,0.741 | 0.12] 1.34/-1.499 2.986 M(0;0,1) = 0.75
-0.966, 1.824, 0.259, 0.889, 1.1, 0.26 -0.059| 1.305|-0.899| 1.999 M(6;0,1) = 0.9

-0.099, 0.938, 0.399, 0.646, 1.204, 0.831 [-0.015| 0.911]-0.125| 0.036| M(6;0,1) = 0.95
1.592,1.867,1.596, 1.215, 1.2, 0.249 1.595| 1.365|-0.002| 0.528 M(6;0,1) =05

C 0.571,1.023,0.571, 1.962, 1.15, 0.505 0.571| 1.508 0| 0.325 M(6;0,1) =0.75
-0.097, 1.332,-0.097, 1.058,1.1,0.614  |-0.097| 1.223 0 0.101 M(6;0,1) =09

0.003, 1.135, 0.003, 0.95, 1.05, 0.874 0.003| 1.112] 0] 0.026) M(6;0,1) = 0.95

-0.692, 2.203, -0.692, 2.544,1.759,0.25 |-0.692| 2.265 0 -1 M(6;0,1) =05

D 0.323,1.312,0.605, 1.335, 1.2, 0.01 0.602| 1.266 0/-0.587| M(6;0,1) =0.75
0.179,0.494,0.179, 1.163, 1.426,0.443 | 0.179| 0.862 0/-0.202, M(6;0,1) =09

0.195, 0.96,-0.719, 0.858, 1.109, 0.918 0.12] 0.983 0 -0.05 M(0;0,1) = 0.95
0.675,0.284,2.122, 1.968, 2.104,0.374 | 1.581| 1.565| 0.749/-0.849 M(6;0,1) = 0.5

E 0.423,1.032, 1.058, 2.077, 1.815,0.494 | 0.744| 1.544| 0.311|-0.667| M(0;0,1) = 0.75
0.159, 0.389, 0.296, 1.257, 1.649,0.326 | 0.251| 0.96| 0.116|-0.597| M(6;0,1) =09
1.081,0.621,-0.216, 0.755, 1, 0.24 0.095| 0.912] 0.1/-0.298 M(6;0,1) = 0.95

1.609, 0.59, 0.322, 2.194, 1.609, 0.309 0.72| 1.784/-0.491(-0.728 M(6;0,1) =05

E 0.617,0.737,0.129, 1.752, 1465, 0.332 | 0.291| 1.395|-0.239-0.526 M(6;0,1) =0.75
0.189, 0.39, 0.007, 1.336, 1.739,0.414 0.082| 0.957|-0.195|-0.422] M(6;0,1) =09
0.155,0.882,0.019, 1.184, 1.175,0.581 | 0.098] 0.995| -0.05|-0.188| M(6;0,1) = 0.95
1.877,0.829,0.573,0.583, 2.562,0.383 | 1.072| 0.912| 0.669|-0.001 M(6;0,1) =05

G 0.362,1.583,-1.112, 1.026, 1.283, 0.608 [-0.216| 1.55| 0.405| 0 M(6;0,1) =0.75
0.055,0.702, 0.474, 1.586, 1.328,0.473 | 0.276| 1.191| 0.31 0 M(6;0,1) =09
0.212,1.443,-0.012, 1.057, 1.088, 0.1 0.01] 1.079] 0.05 0) M(0;0,1) = 0.95

1.064, 0.408, 0.687, 0.908, 2, 0.699 0.951| 0.587|-0.601 0 M(6;0,1) =0.5

H 0.186, 0.259,-0.072, 0.973, 1.697, 0.499 | 0.057| 0.659|-0.473| 0 M(6;0,1) = 0.75
0.116, 1.127,-0.443, 1.588, 1.225,0.816 | 0.013| 1.223|-0.143| 0 M(6;0,1) =09

0.029, 1.105,0.161, 0.958, 1.036,0.329 | 0.118] 1.003|-0.028, 0) M(6;0,1) = 0.95

Source: authors’ work.

Figure 5A. PDF curves of the NDPC for parameter values presented in Table 5A
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Figure 5A. PDF curves of the NDPC for parameter values presented in Table 5A (cont.)
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Source: authors’ work.
Plasticising component mixture distribution

PDF of the plasticising component mixture (PCM) distribution is given by
feem(x;8) = wfpc(x; 1y, 01, ¢1) + (1 — @) fpe (X5 1, 02, ¢2) (x € R),
where fpc(x;p,0,¢) = SI=E

ol o C_ld)(%c;o’l) (x €R) and

0 = (w1, 01, €1, 3, 02, C2, W), g, iz E R,
ay,0, > 0,¢1,¢, = 1, w € [0, 1]. Special cases of the PCM distribution are:
e N(uj,0¢)forcy =1, w=1;N(uy,0,) forc, =1, w =0,

o plasticising component PC(uy,0y,¢1), PC(uy, 05,¢c;) for w=1,w=0,
respectively.
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Table 6A. Vectors of PCM parameter 8, mean p,, standard deviation o,, skewness y;, excess
kurtosis 7, and similarity measure M. Groups O, A-H

Group 0 = (1,04, €1, U, 02, €2, ) Ha Oa "1, V2 M(8; p,0)

o M1, 01, 1,15, 02,C,1 0 1 0 0 M(®;py,00) =1
M1, 01, €1, Uy, 05, 1,0 0 1 0 0 M@®u,o)=1
1.415,1.684,2.194, 11.252,5.474,2.331,0.9 2.399| 3.622| 2.647| 7.663 M(6;0,1) =05

A 0.444, 0.899, 1.602, 1.653, 2.506, 1.876, 0.64 0.879| 1.604{ 0.913| 0.412 M(6;0,1) = 0.75
-0.076, 1.056, 1.1, 0.701, 1.646, 1.095, 0.71 0.149| 1.268| 0.374| 0.374 M(6;0,1) =09
0.026, 1.078, 1.001, 0.701, 1.646, 1.174, 0.95 0.06| 1.117| 0.099| 0.148| M(6;0,1) = 0.95
1.366,0.572,1.11,0.502, 1.669, 1.253, 0.658 1.071] 1.099|-0.978| 1.565| M(6;0,1) =0.5

B 0.67,0.425, 1.576,-0.323, 1.696, 1.05, 0.349 0.024| 1.444]-0.569| 0.606 M(6;0,1) =0.75
-0.204, 2.209, 1.205, 0.133, 1.139, 1.05,0.076 | 0.107| 1.224{-0.122| 0.457 M(6;0,1) =09
0.121,0.936, 1.05,-0.17,1.917, 1.411, 0.95 0.106] 0.982| -0.1| 0.204 M(6;0,1) = 0.95
1.597,2.518, 1.263, 1.596, 0.856, 1.285,0.526 | 1.597| 1.797 0] 0.601 M(6;0,1) =0.5

C 0.012,0.274,1.256,0.012, 2.046, 1.01, 0.183 0.012] 1.846| 0 0.598| M(6;0,1) = 0.75
0.127,1.089, 1.01,0.127,0.183, 1.01, 0.863 0.127| 1.01 0] 0.401 M(6;0,1) =09
0.075, 0.973, 1.01, 0.075, 1.964, 1.362, 0.867 0.075] 1.119| 0] 0.387| M(6;0,1) = 0.95
1.631,0.893, 1.05, 1.632, 2.104, 1.554, 0.498 1.632| 1.488] 0-0.268| M(6;0,1) =05

D 0.639, 1.576, 1.167, 0.64, 1.085, 1.199, 0.163 0.64) 1.12 0/-0.251 M(6;0,1) = 0.75
0.666, 1.123, 4.041, 0.233, 1.069, 1.05, 0.01 0.237| 1.052 0/-0.198| M(6;0,1) =09
0.225, 1.087, 1.05, -0.067, 1.094, 1.05, 0.233 0.001| 1.081 0 -0.18] M(6;0,1) = 0.95
1.472,0.782,1.11,0.236, 0.291, 3.203, 0.692 1.091| 0.861] 0.38 -0.8 M(6;0,1) =0.5

E -0.196, 0.341, 1.064, 0.613, 0.758, 1.204, 0.153 | 0.489| 0.734| 0.201| -0.7 M(6;0,1) =0.75
0.722,0.703, 1.304, -0.57, 0.598, 1.05, 0.455 0.018] 0.893| 0.179/-0.617 M(6;0,1) =09
0.584,1.171,9.804, -0.016, 1.024, 1.076,0.05 | 0.014] 1.013] 0.028/-0.351 M(0;0,1) = 0.95
0.261, 1.419, 1.909, 3.099, 0.744, 1.567, 0.57 1.481| 1.757] -0.3(-1.107 M(6;0,1) =0.5

E 0.037,1.295, 1.076, 1.316, 1.171, 1.654, 0.485 | 0.696| 1.326(-0.204] -0.4 M(6;0,1) = 0.75
0.201,0.121,1.573,0.184,1.177,1.161,0.066 | 0.185| 1.087(-0.003|-0.331 M(6;0,1) =09
0.049, 1.063, 1.088, 1.392,0.511, 1.05, 0.99 0.062| 1.038/-0.008|-0.328| M(6;0,1) = 0.95
1.088, 0.894, 3.782, 1.969, 2.71, 1.792, 0.55 1.484| 1.793 0.6| 0 M(6;0,1) =05

G 1.515, 2.553,3.55,0.07, 1.328, 1.619, 0.07 0.171] 1.359| 0.501 0 M(6;0,1) = 0.75
-0.034,1.072,1.159, 1.146, 1.51, 1.301,0.756 | 0.254| 1.238| 0.401 0 M(6;0,1) =09
0.825,1.615, 1.868, 0.067, 0.934, 1.05, 0.141 0.174] 1.044] 0.336 0) M(6;0,1) = 0.95
0.816, 1.867, 1.24, 1.787, 1.272,1.05, 0.278 1.517| 1.475/-0.302 0 M(0;0,1) =0.5

H -0.364, 1.889, 1.057,0.29, 1.413, 1.05, 0.527 -0.055| 1.682|-0.154| 0 M(6;0,1) =0.75
0.286, 0.405, 1.27,-0.263, 1.261, 1.05,0.112 -0.202| 1.188|-0.128 0 M(6;0,1) =09
F0.153, 1.344, 1.349, -0.024, 0.539, 1.05, 0.565 |-0.097 1 -0.12] 0 M(6;0,1) = 0.95

Source: authors’ work.

Figure 6A. PDF curves of the PCM distribution for parameter values presented in Table 6A
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Figure 6A. PDF curves of the PCM distribution for parameter values presented in Table 6A (cont.)
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Table 7A. The power of GoFTs for group of alternatives A (ALTs)

Numbered GoFT (see Table 3)
ALT N
1 2 3 4 5 6 7 8 9 10 11 12

P, 10 |0.853 | 0.614| 0.789 | 0.792 | 0.764 | 0.791 | 0.792 | 0.789 | 0.789 | 0.817 | 0.658 | 0.847
20 | 0.993 | 0.965 | 0.987 | 0.987 | 0.984 | 0.987 | 0.987 | 0.987 | 0.987 | 0.993 | 0.957 | 0.997
10 {0.374| 0.126 | 0.260 | 0.270 | 0.269 | 0.272| 0.270 | 0.273 | 0.273 | 0.293 | 0.219| 0.316
P 20 | 0.650 | 0.380 | 0.533 | 0.544 | 0.541 | 0.545 | 0.544 | 0.546 | 0.546 | 0.599 | 0.421 | 0.670
10 [0.149 | 0.049 | 0.093 | 0.099 | 0.107 | 0.101 | 0.100 | 0.103 | 0.103 | 0.108 | 0.092 | 0.111
i 20 [0.227 | 0.092 | 0.149 | 0.158 | 0.174 | 0.161 | 0.159 | 0.164 | 0.164 | 0.181 | 0.138 | 0.208
10 |0.092 | 0.048 | 0.064 | 0.069 | 0.076 | 0.070 | 0.069 | 0.072 | 0.072 | 0.074 | 0.067 | 0.076
Fa 20 (0.117 | 0.060 | 0.080 | 0.086 | 0.100 | 0.088 | 0.087 | 0.091 | 0.091 | 0.098 | 0.081 | 0.108
10 {0.146 | 0.045 | 0.087 | 0.094 | 0.105 | 0.096 | 0.095 | 0.099 | 0.099 | 0.103 | 0.090 | 0.105
NM, 20 |0.221 | 0.087 | 0.142 | 0.153| 0.170 | 0.156 | 0.153 | 0.159 | 0.159 | 0.171 | 0.136 | 0.185
NM, 10 [0.143 | 0.042 | 0.087 | 0.092 | 0.098 | 0.093 | 0.092 | 0.095 | 0.095 | 0.099 | 0.089 | 0.100
20 [0.224 | 0.084 | 0.147 | 0.155| 0.165 | 0.157 | 0.156 | 0.159 | 0.159 | 0.169 | 0.138 | 0.179
10 |0.084 | 0.041 | 0.059 | 0.061 | 0.065 | 0.062 | 0.062 | 0.063 | 0.063 | 0.063 | 0.061 | 0.063
NM, 20 {0.102| 0.048 | 0.071 | 0.073 | 0.079 | 0.075| 0.074 | 0.075 | 0.075 | 0.078 | 0.071 | 0.081
10 {0.057 | 0.048 | 0.052 | 0.053 | 0.054 | 0.053 | 0.053 | 0.054 | 0.054 | 0.054 | 0.051 | 0.053
NM, 20 [0.061 | 0.047 | 0.053 | 0.053 | 0.055 | 0.054 | 0.054 | 0.054 | 0.054 | 0.055 | 0.053 | 0.056
10 [0.628 | 0.469 | 0.552 | 0.577 | 0.604 | 0.581 | 0.578 | 0.588 | 0.588 | 0.596 | 0.541 | 0.591
NLM; 20 [0.881 | 0.832 | 0.846 | 0.860 | 0.879 | 0.863 | 0.861 | 0.867 | 0.867 | 0.878 | 0.832 | 0.885
10 [0.112 | 0.059 | 0.075 | 0.083 | 0.098 | 0.086 | 0.084 | 0.089 | 0.089 | 0.092 | 0.083 | 0.092
NLM, 20 {0.153| 0.084 | 0.102| 0.115| 0.139| 0.118| 0.116 | 0.123 | 0.123 | 0.131 | 0.106 | 0.137
10 | 0.138 | 0.116 | 0.114 | 0.127 | 0.149 | 0.130| 0.128 | 0.135| 0.135| 0.142 | 0.121 | 0.145
NLM; 20 | 0.220 | 0.193 | 0.181| 0.201 | 0.239 | 0.206 | 0.202 | 0.214 | 0.214 | 0.237 | 0.181 | 0.267
10 {0.113 | 0.058 | 0.076 | 0.083 | 0.096 | 0.085 | 0.084 | 0.087 | 0.087 | 0.093 | 0.081 | 0.095
NLM, 20 |0.157 | 0.087 | 0.106 | 0.118 | 0.141 | 0.121| 0.119| 0.126 | 0.126 | 0.138 | 0.107 | 0.159
10 [0.117 | 0.058 | 0.093 | 0.092 | 0.088 | 0.091 | 0.092 | 0.091 | 0.091 | 0.096 | 0.084 | 0.100
NDPG, 20 | 0.170| 0.082 | 0.127 | 0.128 | 0.128 | 0.129| 0.128 | 0.129 | 0.129 | 0.150 | 0.115| 0.179
10 |0.183 | 0.065| 0.131 | 0.135| 0.131 | 0.135| 0.135| 0.135| 0.135| 0.131 | 0.126 | 0.121
NDPC, 20 [0.306 | 0.157 | 0.243 | 0.246 | 0.242 | 0.247 | 0.246 | 0.246 | 0.246 | 0.231 | 0.224| 0.188
10 {0.063 | 0.049 | 0.053 | 0.056 | 0.059 | 0.056 | 0.056 | 0.057 | 0.057 | 0.057 | 0.056 | 0.054
NDPC, 20 [0.071 | 0.052 | 0.056 | 0.060 | 0.067 | 0.061 | 0.060 | 0.062 | 0.062 | 0.060 | 0.062 | 0.053
10 {0.052 | 0.051 | 0.051 | 0.051 |0.052 | 0.051 | 0.051 | 0.051 | 0.051 |0.052 | 0.051 | 0.051
NDPC, 20 |0.053 | 0.051| 0.051 | 0.051|0.053 | 0.051 | 0.051 | 0.052 | 0.052 | 0.052 | 0.051 | 0.053
10 | 0.594 | 0.476 |0.608 | 0.595 | 0.540 | 0.590 | 0.594 | 0.581 | 0.581 | 0.593 | 0.527 | 0.594
M, 20 | 0.888 | 0.821 | 0.874| 0.874| 0.854 | 0.874| 0.874 | 0.871 | 0.871 | 0.895 | 0.814 | 0.896
pCM, 10 [0.296 | 0.081 | 0.192 | 0.201 | 0.203 | 0.202 | 0.201 | 0.204 | 0.204 | 0.219 | 0.172| 0.228
20 [0.549 | 0.267 | 0.416 | 0.431| 0.439| 0.433 | 0.431 | 0.437 | 0.437 | 0.481 | 0.342 | 0.494
pCM, 10 {0.085 | 0.041 | 0.061 | 0.063 | 0.065 | 0.063 | 0.063 | 0.064 | 0.064 | 0.066 | 0.062 | 0.067
20 |0.104 | 0.048 | 0.073 | 0.076 | 0.079 | 0.076 | 0.076 | 0.077 | 0.077 | 0.083 | 0.070 | 0.093
pcM, 10 {0.058 | 0.049 | 0.053 | 0.053 | 0.055 | 0.054 | 0.053 | 0.054 | 0.054 | 0.055 | 0.053| 0.054
20 [0.062 | 0.049 | 0.053 | 0.054 | 0.057 | 0.055| 0.054 | 0.055 | 0.055 | 0.056 | 0.054 | 0.058

Note. The highest PoTs of the MCM(a,3) values are underlined. The highest PoTs for all the analysed tests are
in bold.
Source: authors’ work.
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Table 8A. The power of GoFTs for group of alternatives B (ALTs)

ALT

N

Numbered GoFT (see Table 3)

1 2 3 4 5 6 7 8 9 10 11 12

P, 10 | 0.612|0.853 | 0.788 | 0.790 | 0.762 | 0.789 | 0.790 | 0.786 | 0.786 | 0.815 | 0.657 | 0.846
20 | 0.964 |0.993 | 0.986 | 0.987 | 0.984 | 0.987 | 0.987 | 0.986 | 0.986 | 0.993 | 0.957 | 0.997

10 | 0.1250.372 | 0.260 | 0.268 | 0.267 | 0.269 | 0.269 | 0.271 | 0.271 | 0.292 | 0.217 | 0.315

P2 20 | 0.380 | 0.655 | 0.537 | 0.545 | 0.542 | 0.547 | 0.546 | 0.548 | 0.548 | 0.603 | 0.423 | 0.673
10 | 0.047 | 0.149 | 0.092 | 0.099 | 0.107 | 0.100 | 0.099 | 0.102 | 0.102 | 0.107 | 0.091 | 0.112

& 20 | 0.093 |0.228 | 0.150 | 0.160 | 0.175| 0.163 | 0.161 | 0.166 | 0.166 | 0.181 | 0.140 | 0.207
10 | 0.048 |0.092 | 0.065 | 0.069 | 0.076 | 0.070 | 0.069 | 0.072 | 0.072 | 0.074 | 0.067 | 0.074

Fa 20 | 0.059 |0.119 | 0.079 | 0.086 | 0.100 | 0.088 | 0.087 | 0.091 | 0.091 | 0.098 | 0.081 | 0.107
10 | 0.068 |0.182| 0.112| 0.125| 0.144 | 0.128 | 0.126 | 0.132| 0.132| 0.138 | 0.116 | 0.139

N, 20 | 0.141|0.293 | 0.194 | 0.214 | 0.249 | 0.219| 0.215 | 0.226 | 0.226 | 0.244 | 0.189 | 0.256
NM, 10 | 0.049 |0.151 | 0.097 | 0.102 | 0.107 | 0.103 | 0.102 | 0.105 | 0.105 | 0.107 | 0.096 | 0.106
20 | 0.101 {0.237 | 0.165 | 0.173 | 0.182| 0.175| 0.174| 0.177 | 0.177 | 0.180 | 0.152 | 0.175

10 | 0.042|0.108 | 0.077 | 0.078 | 0.076 | 0.078 | 0.078 | 0.078 | 0.078 | 0.078 | 0.073 | 0.077

NM; 20 | 0.066 |{0.153 | 0.114| 0.114 | 0.110| 0.114 | 0.114| 0.113 | 0.113 | 0.113 | 0.102 | 0.108
10 | 0.048 |0.055 | 0.051| 0.051 | 0.052 | 0.051 | 0.051 | 0.051 | 0.051 | 0.052 | 0.052 | 0.051

NM, 20 | 0.046 |0.056 | 0.050 | 0.051 | 0.052 | 0.051 | 0.051 | 0.051| 0.051 | 0.052 | 0.051 | 0.052
10 | 0.318| 0.446 | 0.369 | 0.404 | 0.451 | 0.412 | 0.406 | 0.423 | 0.423 | 0.416| 0.377 | 0.382

NLM, 20 | 0.683 | 0.758 | 0.695 | 0.729 [0.776 | 0.736 | 0.730 | 0.746 | 0.746 | 0.735 | 0.666 | 0.659
10 | 0.301 | 0.322 | 0.289 | 0.326 |0.378 | 0.333 | 0.328 | 0.346 | 0.346 | 0.338 | 0.310 | 0.305

NLM; 20 | 0.593 | 0.609 | 0.562 | 0.604 [0.671 | 0.613 | 0.606 | 0.628 | 0.628 | 0.613 | 0.549 | 0.534
10 | 0.248 | 0.250 | 0.225| 0.255|0.302 | 0.262 | 0.257 | 0.272 | 0.272 | 0.281 | 0.237 | 0.275

NLM: 20 | 0.458 | 0.460 | 0.414 | 0.455(0.524 | 0.464 | 0.458 | 0.478 | 0.478 | 0.504 | 0.402 | 0.508
10 | 0.075| 0.075 | 0.067 | 0.073 | 0.084 | 0.075 | 0.074 | 0.077 | 0.077 | 0.080 | 0.072 | 0.081

NLM, 20 | 0.094 | 0.094 | 0.080 | 0.090 | 0.111 | 0.092 | 0.091 | 0.096 | 0.096 | 0.106 | 0.083 | 0.120
10 | 0.265 (0.439 | 0.348 | 0.378 | 0.414 | 0.384 | 0.380 | 0.393 | 0.393 | 0.410| 0.343 | 0.415
NDPC, 20 | 0.581 | 0.684 | 0.609 | 0.638 | 0.680 | 0.644 | 0.639 | 0.653 | 0.653 | 0.686 | 0.590 | 0.714
10 | 0.197 | 0.436 | 0.310| 0.338 | 0.370 | 0.344 | 0.340 | 0.351 | 0.351 | 0.364 | 0.304 | 0.365
NDPC, 20 | 0.532(0.722 | 0.612| 0.640 | 0.683 | 0.647 | 0.642 | 0.656 | 0.656 | 0.681 | 0.573 | 0.688
10 | 0.067|0.181 | 0.111| 0.124 | 0.143 | 0.127 | 0.125| 0.131| 0.131 | 0.140 | 0.116 | 0.146
NDPC, 20 | 0.132|0.284 | 0.185| 0.205 | 0.240 | 0.210| 0.206 | 0.217| 0.217 | 0.245 | 0.177 | 0.282
10 | 0.044|0.060 | 0.052 | 0.052 | 0.053 | 0.052 | 0.052 | 0.052 | 0.052 | 0.053 | 0.053 | 0.052
NDPC, 20 | 0.043 |0.062 | 0.053 | 0.053 | 0.053 | 0.053 | 0.053 | 0.053 | 0.053 | 0.054 | 0.052| 0.055
pcM, 10 | 0.103 {0.290 | 0.184 | 0.204 | 0.230 | 0.209 | 0.205 | 0.215 | 0.215| 0.224 | 0.186 | 0.224
20 | 0.289 | 0.507 | 0.380 | 0.408 | 0.450 | 0.414 | 0.410| 0.423 | 0.423 | 0.444 | 0.351 | 0.441

pcM, 10 | 0.095|0.251 | 0.179| 0.187 | 0.189 | 0.189 | 0.188 | 0.190 | 0.190 | 0.188 | 0.174 | 0.177
20 | 0.258 |0.442 | 0.358 | 0.369 | 0.375| 0.371| 0.370 | 0.374 | 0.374 | 0.359 | 0.335| 0.307

pcM, 10 | 0.052]0.062 | 0.056 | 0.057 | 0.058 | 0.057 | 0.057 | 0.058 | 0.058 | 0.059 | 0.056 | 0.059
20 | 0.055| 0.070| 0.061 | 0.063 | 0.066 | 0.063 | 0.063 | 0.064 | 0.064 | 0.069 | 0.059 | 0.077

pcM, 10 | 0.048 |0.058 | 0.054 | 0.053 | 0.053 | 0.053 | 0.053 | 0.053 | 0.053 | 0.054 | 0.052 | 0.055
20 | 0.050 |0.062 | 0.057 | 0.056 | 0.056 | 0.056 | 0.056 | 0.056 | 0.056 | 0.058 | 0.054 | 0.063

Note. As in Table 7A.
Source: authors’ work.
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Table 9A. The power of GoFTs for group of alternatives C (ALTs)

Numbered GofT (see Table 3)

ALT N 1 2 3 4 5 6 7 8 9 10 i 12
P, 10 10.110 | 0.110 | 0.095 | 0.108 [0.130 {0.111 {0.109 | 0.116 | 0.116 | 0.121 | 0.105 | 0.123
20 | 0.170 | 0.170 | 0.143 | 0.163 | 0.202 | 0.169 | 0.165 | 0.176 | 0.176 | 0.191 | 0.148 | 0.208

10 [ 0.092 | 0.092 | 0.079 | 0.090 [0.108 | 0.093 | 0.091 | 0.097 | 0.097 |0.101 | 0.088 | 0.101

P2 20 | 0.130 | 0.130 | 0.108 | 0.124 | 0.155 | 0.128 | 0.125 | 0.134 | 0.134 | 0.147 | 0.115 | 0.162
10 | 0.076 | 0.075 | 0.067 | 0.074 |0.085 | 0.075 | 0.074 | 0.078 | 0.078 | 0.080 | 0.072 | 0.081

P2 20 [ 0.092 | 0.094 | 0.079 | 0.089 |0.110 | 0.092 |0.089 |0.096 |0.096 |0.104 |0.084 | 0.116
10 | 0.061 | 0.061 | 0.057 | 0.061 [0.067 | 0.062 | 0.061 | 0.063 | 0.063 | 0.064 | 0.060 | 0.063

Fa 20 | 0.067 | 0.067 | 0.060 | 0.065 | 0.075 | 0.066 | 0.065 | 0.067 | 0.067 | 0.071 | 0.063 | 0.078
10 [ 0.194 | 0.196 | 0.179 | 0.204 |0.238 | 0.209 | 0.205 | 0.217 | 0.217 | 0.205 [ 0.203 | 0.174

NM, 20 | 0.366 | 0.368 | 0.335 | 0.369 (0.427 | 0.377 | 0.371 | 0.389 | 0.389 | 0.356 | 0.351 | 0.265
10 {0.122 | 0.121 | 0.105 | 0.122 |0.147 | 0.125 | 0.122 [ 0.131 [ 0.131 | 0.128 | 0.121 | 0.115

NM: 20 | 0.200 | 0.200 | 0.171 | 0.197 (0.244 | 0.203 | 0.198 | 0.213 | 0.213 | 0.202 | 0.186 | 0.162
10 | 0.061 | 0.061 | 0.056 | 0.060 [0.067 | 0.061 | 0.060 |0.063 | 0.063 | 0.062 | 0.061 | 0.060

NM 20 | 0.068 | 0.069 | 0.059 | 0.066 (0.079 |0.067 |0.066 |0.069 |0.069 |0.069 |0.066 | 0.066
10 | 0.053 | 0.054 | 0.051 | 0.053 [0.055 | 0.054 | 0.053 | 0.054 | 0.054 | 0.055 | 0.052 | 0.055

NM, 20 | 0.056 | 0.055 | 0.053 | 0.055 (0.059 | 0.055 | 0.055 | 0.056 | 0.056 | 0.057 | 0.055 | 0.059
10 {0.132 {0.133 | 0.113 | 0.132 [0.163 | 0.136 | 0.133 | 0.142 | 0.142 | 0.144 | 0.129 | 0.137

NLM, 20 | 0.223 | 0.224 | 0.188 | 0.218 [0.272 | 0.225 | 0.220 | 0.236 | 0.236 | 0.239 | 0.198 | 0.224
10 | 0.094 | 0.095 | 0.086 | 0.095 |0.108 | 0.096 | 0.095 | 0.099 | 0.099 |0.105 | 0.090 | 0.107

NLM, 20 {0.139 [ 0.142 | 0.120 | 0.136 | 0.164 | 0.139 | 0.137 | 0.146 | 0.146 | 0.162 | 0.123 | 0.186
10 | 0.082 | 0.081 | 0.071 | 0.079 [0.093 | 0.081 | 0.080 |0.085 | 0.085 | 0.088 | 0.077 | 0.088

NLM, 20 | 0.105 | 0.105 | 0.086 | 0.099 | 0.126 | 0.103 | 0.100 | 0.108 | 0.108 | 0.117 | 0.093 | 0.130
10 | 0.060 | 0.062 | 0.058 | 0.061 [0.066 | 0.062 | 0.061 | 0.063 | 0.063 | 0.065 | 0.060 | 0.064

NLM, 20 | 0.071 | 0.071 | 0.064 | 0.069 |0.078 | 0.070 | 0.069 | 0.072 | 0.072 | 0.077 | 0.067 | 0.086
10 | 0.061 | 0.061 | 0.065 | 0.063 | 0.061 | 0.063 | 0.063 | 0.062 | 0.062 | 0.065 | 0.061 | 0.066
NDPC, 20 [ 0.072 | 0.072 | 0.076 | 0.074 | 0.072 | 0.074 | 0.074 | 0.073 | 0.073 | 0.080 |0.070 | 0.092
10 | 0.059 | 0.060 | 0.054 | 0.057 [0.062 | 0.057 | 0.057 | 0.059 | 0.059 | 0.060 | 0.057 | 0.060

NDPC, 20 | 0.064 | 0.064 | 0.058 | 0.062 |0.071 | 0.063 | 0.062 | 0.065 | 0.065 | 0.067 | 0.061 | 0.068
10 | 0.053 | 0.052 | 0.053 | 0.053 | 0.052 [ 0.053 | 0.053 | 0.053 | 0.053 |0.054 | 0.052 | 0.053
NDPC, 20 | 0.054 | 0.054 | 0.055 | 0.055 [ 0.054 | 0.055 | 0.055 | 0.054 | 0.054 | 0.055 | 0.053 | 0.057
10 [ 0.051 | 0.051 | 0.050 | 0.050 {0.051 | 0.050 | 0.050 | 0.050 | 0.050 |0.051 [0.051 | 0.050

NDPC, 20 | 0.051 | 0.050 | 0.050 | 0.050 [{0.051 |0.050 |0.050 | 0.050 | 0.050 | 0.050 | 0.051 | 0.051
10 | 0.080 | 0.081 | 0.069 | 0.078 [0.092 | 0.080 | 0.079 |0.083 | 0.083 | 0.084 | 0.078 | 0.082

PeMy 20 (0.103 | 0.103 | 0.086 |0.099 (0.125 |0.103 |0.100 | 0.108 | 0.108 | 0.110 | 0.093 | 0.101
pCM, 10 | 0.101 | 0.101 | 0.091 | 0.102 [0.119 | 0.104 | 0.102 | 0.108 | 0.108 | 0.102 | 0.107 | 0.089
20 {0.151 {0.152 | 0.132 | 0.150 |0.181 | 0.154 | 0.151 | 0.161 | 0.161 | 0.144 | 0.156 | 0.110

pcM, 10 | 0.075 | 0.074 | 0.066 | 0.073 [0.085 | 0.075 | 0.074 | 0.077 | 0.077 | 0.075 | 0.076 | 0.069
20 | 0.096 | 0.096 | 0.082 | 0.093 (0.114 | 0.096 | 0.094 | 0.100 | 0.100 | 0.094 | 0.096 | 0.079

pcM, 10 | 0.060 | 0.059 | 0.056 | 0.058 |0.062 | 0.059 | 0.058 | 0.060 | 0.060 | 0.061 | 0.058 | 0.061
20 | 0.062 | 0.061 | 0.056 | 0.059 | 0.067 |0.060 |0.059 | 0.061 | 0.061 | 0.065 | 0.058 | 0.071

Note. As in Table 7A.
Source: authors’ work.
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Table 10A. The power of GoFTs for group of alternatives D (ALTs)

Numbered GoFT (see Table 3)

ALT N
1 2 3 4 5 6 7 8 9 10 11 12
P, 10 [0.468 |0.467 (0.629 |0.572 |0.390 |0.556 |0.568 |0.526 |0.526 [0.600 |0.367 |0.667
20 |0.871 |0.871 |0.932 [0.910 [0.815 [0.903 |0.909 |0.890 |0.890 |0.950 [0.715 [0.980
10 {0.090 |0.093 |0.154 |0.125 [0.064 |0.118 [0.123 |0.105 |0.105 [0.118 |0.082 |0.127
P2 20 |0.212 |0.211 |0.311 [0.262 [0.149 |0.251 |0.260 |0.230 |0.230 |0.287 |0.148 (0.350
10 |0.044 |0.042 [0.061 |0.052 [0.033 |0.049 [0.051 |0.046 |0.046 [0.045 |0.045 |0.043
& 20 |0.057 |0.056 [0.085 |0.070 [0.039 |0.066 [0.069 |0.059 |0.059 [0.063 |0.053 |0.059
10 |0.040 |0.041 |0.050 |0.045 [0.035 [0.044 |0.045 |0.041 |0.041 |0.041 |0.043 [0.039
P 20 |0.043 |0.043 [0.057 |0.050 [0.034 |0.048 [0.049 |0.044 |0.044 [0.044 |0.045 |0.038
10 {0.098 |0.099 [0.160 |0.132 [0.073 |0.125 |[0.131 |0.113 |0.113 [0.112 |0.101 |0.104
NI, 20 |0.229 |0.233 |0.330 (0.284 (0.172 |0.272 |0.281 |0.251 |0.251 |0.247 |0.195 [0.212
10 |0.157 |0.128 [0.208 |0.184 [0.116 |0.177 |0.183 |0.167 |0.167 [0.201 |0.142 |0.216
NI 20 [0.311 |0.262 |0.365 [0.333 |0.241 |0.325 [0.331 [0.309 |0.309 |0.432 |0.325 |0.477
10 |0.051 |0.043 |0.062 |0.054 [0.039 [0.052 |0.054 |0.049 |0.049 |0.048 |0.049 [0.046
NM, 20 |0.064 |0.055 [0.082 |0.069 [0.045 |0.067 [0.069 |0.062 |0.062 [0.060 |0.058 |0.054
NM, 10 [0.047 |0.048 |0.049 |0.048 |0.047 |0.048 |0.048 [0.048 |0.048 [0.048 |0.048 [0.047
20 |0.047 |0.048 |0.050 [0.049 [0.046 (0.049 |0.049 |0.048 |0.048 |0.047 |0.048 [0.045
10 |0.046 |0.130 [0.090 |0.092 [0.092 |0.092 [0.092 |0.092 |0.092 [0.096 |0.084 |0.097
NLM; 20 (0.082 |0.197 (0.139 |0.143 |0.146 [0.144 |0.144 |0.145 |0.145 [0.156 |0.123 [0.170
10 |0.044 |0.069 [0.056 |0.057 [0.058 |0.057 |0.057 |0.057 |0.057 [0.058 |0.056 |0.058
NLM, 20 |0.045 |0.080 [0.060 |0.062 [0.066 |0.063 [0.062 |0.063 |0.063 [0.066 |0.061 [0.072
10 [0.058 |0.089 (0.067 |0.072 |0.081 |0.073 |0.072 |0.075 |0.075 [0.079 |0.070 {0.080
NLM, 20 |0.076 |0.116 [0.085 |0.093 [0.110 |0.096 |0.094 |0.098 |0.098 [0.108 |0.086 |0.122
NLM, 10 |0.069 |0.106 [0.078 |0.087 [0.101 |0.088 |0.087 |0.091 |0.091 [0.095 |0.083 |0.096
20 |0.097 |0.148 |0.103 [0.117 [0.145 [0.121 |0.118 |0.126 |0.126 |0.138 |0.108 (0.150
10 |0.097 |0.096 [0.155 |0.128 [0.072 |0.121 [0.126 |0.109 |0.109 [0.109 |0.098 |(0.101
NDPC, 20 |0.223 |0.224 |0.321 |0.276 [0.165 |0.264 (0.273 |0.243 |0.243 [0.237 |0.189 |0.204
10 |0.052 |0.051 |0.069 |0.060 [0.042 [0.058 [0.060 |0.055 |0.055 |0.054 |0.055 |0.051
NDPC, 20 |0.068 |0.068 [0.095 |0.081 [0.051 |0.078 [0.081 |0.072 |0.072 [0.069 |0.069 |0.059
10 [0.047 |0.046 (0.048 |0.047 |0.045 [0.046 |0.046 [0.046 |0.046 [0.046 |0.047 |0.045
NDPC, 20 |0.046 |0.045 |0.048 [0.046 [0.043 |0.046 |0.046 |0.045 |0.045 |0.044 |0.048 [0.040
10 |0.050 |0.050 [0.051 |0.050 [0.049 |0.051 |[0.051 |0.051 |0.051 [0.050 |0.051 |0.049
NDPC, 20 (0.047 |0.050 (0.049 |0.049 |0.048 [0.048 |0.048 [0.048 |0.048 [0.048 |0.049 (0.047
10 |0.046 |0.046 |0.050 |0.048 [0.043 [0.047 [0.048 [0.046 |0.046 |0.045 |0.046 |0.043
pPcM, 20 |0.045 |0.044 [0.049 |0.046 [0.041 |0.046 |0.046 |0.045 |0.045 [0.043 |0.047 |0.039
10 [0.054 |0.054 (0.067 |0.061 |0.047 |0.059 |0.060 [0.056 |0.056 [0.055 |0.056 [0.054
PCM, 20 |0.065 |0.066 |0.084 |0.074 [0.054 |0.072 |0.074 |0.068 |0.068 [0.066 |0.068 |0.062
pcM, 10 |0.048 |0.047 [0.053 |0.049 [0.044 |0.049 |0.049 |0.048 |0.048 [0.048 |0.049 |0.046
20 |0.049 |0.047 |0.055 [0.051 [0.043 [0.050 |0.051 |0.048 |0.048 |0.047 |0.050 [0.045
pcM, 10 |0.046 |0.047 [0.051 |0.048 [0.044 |0.047 |0.048 |0.046 |0.046 [0.046 |0.047 |0.046
20 (0.046 |0.048 |0.053 |0.050 |0.043 [0.049 |0.050 [0.048 |0.048 [0.046 |0.048 (0.045

Note. As in Table 7A.
Source: authors’ work.
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Table 11A. The power of GofTs for group of alternatives E (ALTs)

Numbered GoFT (see Table 3)
ALT N
1 2 3 4 5 6 7 8 9 10 11 12

P, 10 | 0.753 | 0.537 | 0.739 | 0.719 [ 0.635 | 0.712 | 0.717 | 0.700 | 0.700 | 0.737 | 0.579 | 0.775
20 | 0.972 | 0.927 | 0.972 | 0.967 | 0.942 | 0.965 | 0.966 | 0.961 | 0.961 | 0.979 | 0.901 | 0.990
10 |0.264 | 0.081 | 0.212 | 0.200 | 0.162 | 0.196 | 0.199 | 0.189 | 0.189 | 0.206 | 0.150 | 0.224
P 20 | 0.496 | 0.259 | 0.440 | 0.419 | 0.352 | 0.414 | 0.418 | 0.402 | 0.402 | 0.459 | 0.296 | 0.530
10 |0.106 | 0.031 | 0.074 | 0.071 | 0.064 | 0.070 | 0.071 | 0.069 | 0.069 | 0.072 | 0.065 | 0.074
P 20 |0.158 | 0.052 | 0.116 | 0.110 | 0.096 | 0.109 [ 0.110 | 0.106 | 0.106 | 0.115 | 0.096 | 0.127
10 (0.073 | 0.033 | 0.057 | 0.054 | 0.050 | 0.054 | 0.054 | 0.054 | 0.054 | 0.054 | 0.053 | 0.054
Pa 20 |0.086 | 0.036 | 0.067 | 0.064 | 0.058 | 0.064 | 0.064 | 0.062 | 0.062 | 0.064 | 0.060 | 0.066
10 |0.139 | 0.036 | 0.094 | 0.094 | 0.086 | 0.093 | 0.094 | 0.092 | 0.092 | 0.093 | 0.086 | 0.092
N, 20 |0.227 | 0.085 | 0.169 | 0.166 | 0.152 | 0.166 | 0.166 | 0.163 | 0.163 | 0.165 | 0.141 | 0.157
10 |0.094 | 0.035 | 0.065 | 0.065 | 0.065 | 0.065 | 0.065 | 0.066 | 0.066 | 0.066 |0.063 | 0.065
NM; 20 (0.124 | 0.048 | 0.088 | 0.088 | 0.086 | 0.088 | 0.088 | 0.088 | 0.088 | 0.089 | 0.082 | 0.085
10 [0.054 | 0.045 | 0.050 | 0.050 | 0.049 | 0.050 | 0.050 | 0.049 |0.049 | 0.049 | 0.049 | 0.048
NM; 20 |0.056 | 0.044 | 0.050 | 0.051 | 0.049 | 0.051 | 0.051 | 0.050 | 0.050 | 0.051 | 0.051 | 0.051
10 [0.054 | 0.047 | 0.052 | 0.051 {0.051 | 0.051 [ 0.051 | 0.051 | 0.051 | 0.052 | 0.050 | 0.051
NM, 20 |0.054 | 0.046 | 0.050 | 0.050 | 0.050 |0.050 |0.050 | 0.050 | 0.050 | 0.050 | 0.050 | 0.050
NLM, 10 | 0.044 [0.094 | 0.068 | 0.070 | 0.072 | 0.070 | 0.070 | 0.071 | 0.071 | 0.074 | 0.066 | 0.075
20 | 0.057 |0.122 | 0.086 | 0.089 | 0.095 | 0.090 | 0.089 | 0.091 | 0.091 [ 0.099 | 0.082 | 0.114
10 |0.092 | 0.043 | 0.063 | 0.068 | 0.073 | 0.068 | 0.068 | 0.070 | 0.070 | 0.071 | 0.066 | 0.072
NLM, 20 {0.119 | 0.053 | 0.079 | 0.085 | 0.096 | 0.086 | 0.085 | 0.087 | 0.087 | 0.093 | 0.080 | 0.101
NLM, 10 | 0.050 |0.104 | 0.070 | 0.076 | 0.084 | 0.077 | 0.076 | 0.079 | 0.079 | 0.081 | 0.074 | 0.083
20 | 0.068 |0.137 | 0.090 | 0.099 [ 0.116 | 0.102 | 0.100 | 0.105 | 0.105 | 0.115 | 0.091 | 0.129
10 |10.131 | 0.062 | 0.086 | 0.096 | 0.111 | 0.099 | 0.097 | 0.102 | 0.102 | 0.106 | 0.092 | 0.109
NLM, 20 |0.194 | 0.103 | 0.129 | 0.144 [ 0.172 | 0.147 | 0.145 | 0.152 | 0.152 | 0.169 | 0.130 | 0.192
10 | 0.703 | 0.463 |0.716 | 0.689 | 0.567 | 0.679 | 0.687 | 0.660 | 0.660 | 0.648 | 0.597 | 0.603
NDPG, 20 | 0.979 | 0.949 [0.983 | 0.979 [ 0.954 | 0.977 | 0.978 | 0.974 | 0.974 | 0.969 | 0.940 | 0.940
10 (0.105 | 0.033 | 0.088 | 0.080 | 0.061 | 0.077 | 0.079 | 0.074 | 0.074 | 0.074 | 0.071 | 0.072
NDPC, 20 |0.172 | 0.072 | 0.154 | 0.139 [ 0.104 | 0.136 | 0.138 | 0.129 | 0.129 [ 0.128 | 0.111 | 0.115
10 [0.060 | 0.033 | 0.057 | 0.051 [ 0.041 | 0.050 [ 0.051 | 0.048 | 0.048 | 0.047 | 0.048 | 0.044
NDPC, 20 |0.073 | 0.038 | 0.071 | 0.063 | 0.046 | 0.061 | 0.063 | 0.058 | 0.058 | 0.056 | 0.056 | 0.048
NDPC, 10 |0.057 | 0.038 | 0.053 | 0.049 | 0.044 | 0.048 | 0.049 | 0.047 | 0.047 | 0.048 | 0.048 | 0.046
20 (0.062 | 0.038 | 0.057 | 0.053 | 0.045 | 0.052 | 0.053 | 0.051 | 0.051 [ 0.050 | 0.052 | 0.047
PeM, 10 (0.146 | 0.058 | 0.143 | 0.125 | 0.084 | 0.120 [ 0.124 {0.113 | 0.113 | 0.116 | 0.105 | 0.117
20 | 0.272 | 0.151 |0.280 | 0.248 [ 0.172 | 0.241 | 0.247 | 0.226 | 0.226 | 0.243 | 0.208 | 0.255
10 | 0.085 | 0.043 [0.089 | 0.077 | 0.053 | 0.074 | 0.077 | 0.069 | 0.069 | 0.068 | 0.067 | 0.065
PCM, 20 | 0.137 | 0.077 |0.148 | 0.128 [ 0.083 | 0.123 | 0.127 | 0.114 | 0.114 [ 0.111 | 0.102 | 0.097
pcM, 10 |0.071 | 0.031 | 0.062 | 0.057 | 0.045 | 0.055 | 0.056 | 0.053 | 0.053 | 0.052 | 0.052 | 0.050
20 |0.091 | 0.040 | 0.082 | 0.073 | 0.054 | 0.072 | 0.073 | 0.068 | 0.068 | 0.070 | 0.061 | 0.064
10 | 0.054 | 0.041 |0.055 | 0.052 | 0.043 | 0.050 | 0.051 | 0.049 | 0.049 | 0.049 | 0.049 | 0.046
PCM, 20 | 0.059 | 0.042 (0.061 | 0.055 | 0.043 | 0.054 | 0.055 | 0.052 | 0.052 | 0.049 | 0.053 | 0.044

Note. As in Table 7A.
Source: authors’ work.
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Table 12A. The power of GoFTs for group of alternatives F (ALTs)

Numbered GoFT (see Table 3)

ALT N 1 2 3 4 5 6 7 8 9 10 11 12
P, 10 |0.538 |0.755 [0.741 |0.721 |0.636 |0.714 |0.720 |0.701 |0.701 [0.740 |0.582 |0.777
20 (0.926 |0.971 |0.972 [0.966 |0.942 [0.964 |0.965 [0.961 |0.961 |0.979 |0.900 |0.990

10 |0.081 |0.268 |0.214 |0.203 [0.164 [0.199 [0.202 (0.192 |0.192 |0.209 |0.152 |0.227

& 20 (0.261 |0.498 |0.441 [0.420 |0.356 [0.415 |0.419 |0.404 |0.404 |0.461 |0.298 |0.532
10 |0.030 |0.106 |0.075 |0.072 [0.064 [0.071 [0.071 |0.070 |0.070 |0.072 |0.066 |0.073

i 20 |0.052 |0.156 [0.115 |0.110 [0.095 |0.108 |0.110 [0.106 |0.106 [0.114 |0.095 |0.127
10 (0.032 |0.074 |0.056 |0.054 |0.051 [0.054 |0.054 [0.053 |0.053 (0.054 |0.052 |0.053

Py 20 |0.036 |0.086 [0.065 |0.062 [0.056 |0.062 |0.062 [0.061 |0.061 [0.063 |0.059 |0.064
10 {0.120 |0.326 [0.297 |0.274 |0.204 |0.267 |0.272 |0.255 |0.255 [0.254 |0.216 |0.240

N, 20 (0.447 |0.656 |0.642 |0.614 |0.517 [0.606 |0.612 [0.591 |0.591 [0.584 |0.476 |0.530
10 {0.041 |0.087 [0.086 |0.075 [0.053 |0.072 |0.074 |0.068 |0.068 [0.069 |0.064 |0.069

NM, 20 |0.067 |0.129 [0.129 |0.114 |0.077 |0.110 |0.113 |0.103 |0.103 [0.109 |0.091 |[0.110
10 |0.045 |0.055 |0.051 |0.050 [0.050 [0.050 [0.050 [0.050 |0.050 |0.050 |0.050 |0.050

NM, 20 |0.044 |0.057 [0.051 |0.051 [0.050 |0.050 |[0.051 [0.050 |0.050 [0.050 |0.050 |0.048
10 [0.049 |0.049 |0.050 |0.049 |0.049 [0.049 |0.049 [0.049 |0.049 (0.049 |0.049 |0.049

NM, 20 |0.049 |0.051 [0.051 [0.051 [0.051 |0.051 |0.051 |0.051 |0.051 |0.051 [0.050 [0.050
10 {0.112 |0.047 [0.074 |0.079 |0.087 |0.080 |0.080 [0.082 |0.082 [0.086 |0.077 |0.087

NLM; 20 (0.162 |0.074 |0.108 |0.116 |0.130 [0.118 |0.117 [0.121 |0.121 [0.131 |0.105 |0.146
10 |0.125 |0.050 |0.080 |0.087 [0.097 [0.089 [0.087 [0.091 |0.091 |0.094 |0.083 |0.096

NLM, 20 |0.181 |0.082 [0.118 |0.129 |(0.148 |0.131 |0.130 |0.135 |0.135 [0.148 |0.116 |0.163
10 (0.108 |0.057 |0.075 |0.081 |0.091 [0.082 |0.081 [0.085 |0.085 (0.088 |0.078 [0.090

NLM; 20 |0.149 |0.080 [0.101 |0.111 (0.130 |0.114 |0.112 |0.117 |0.117 [0.128 |0.101 |0.142
10 {0.050 |0.086 [0.062 |0.067 [0.073 |0.068 |0.067 [0.069 |0.069 [0.071 |0.065 |0.072

NLM, 20 |0.059 |0.103 (0.073 [0.078 [0.089 |0.080 |0.079 |0.082 |0.082 |0.088 [0.074 [0.100
10 {0.101 |0.281 [0.251 |0.234 (0.181 |0.228 |0.233 [0.219 |0.219 [0.211 |0.202 |0.192

NDPC, 20 |0.365 |0.567 [0.549 |0.523 (0.436 |0.516 |0.522 |0.502 |0.502 [0.473 |0.439 |0.394
NDPC, 10 |0.034 |0.091 |0.076 |0.070 [0.056 [0.068 |0.070 (0.066 |0.066 |0.065 |0.064 |0.062
20 |0.057 |0.133 [0.119 |0.108 (0.083 |0.106 |0.108 [0.101 |0.101 [0.097 |0.095 |0.082

10 {0.034 |0.079 [0.061 |0.060 [0.056 |0.060 (0.060 [0.059 |0.059 [0.057 |0.058 |0.052

NDPC, 20 |0.044 |0.104 [0.081 [0.079 (0.072 |0.078 |0.079 |0.077 |0.077 |0.073 [0.075 [0.058
10 {0.045 |0.052 [0.053 |0.050 [0.046 |0.049 |0.050 [0.048 |0.048 [0.048 |0.049 |0.047
NDPC, 20 (0.043 |0.055 |0.054 |0.051 |0.045 [0.050 |0.051 [0.049 |0.049 (0.048 |0.049 |0.046
10 |0.065 |0.150 |0.158 |0.135 [0.084 [0.129 [0.134 [0.119 |0.119 |0.128 |0.101 |0.130

pPcM, 20 |0.183 |0.321 [0.336 |0.298 (0.201 |0.288 |0.296 [0.271 |0.271 [0.322 |0.195 |0.340
pcM, 10 [0.051 |0.055 |0.065 |0.060 |0.047 [0.058 |0.059 [0.056 |0.056 [0.055 |0.055 [0.052
20 |0.062 |0.068 [0.082 [0.075 [0.056 |0.073 |0.074 |0.069 |0.069 |0.070 [0.066 [0.066

pCM, 10 {0.045 |0.046 [0.051 |0.048 [0.042 |0.047 |0.047 |0.046 |0.046 [0.045 |0.047 |0.043
20 (0.043 |0.045 |0.050 [0.047 |0.039 [0.046 |0.046 [0.044 |0.044 (0.043 |0.046 |0.040

pcw, 10 {0.047 |0.047 [0.054 |0.050 [0.042 |0.049 |0.050 [0.048 |0.048 [0.047 |0.048 |0.046
20 |0.049 |0.051 [0.060 |0.055 [0.042 |0.053 |0.054 [0.051 |0.051 [0.049 |0.052 |0.046

Note. As in Table 7A.
Source: authors’ work.
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Table 13A. The power of GoFTs for group of alternatives G (ALTs)

Numbered GoFT (see Table 3)

ALT N
1 2 3 4 5 6 7 8 9 10 11 12
P, 10 |0.790 |0.565 [0.760 |0.747 [0.678 |0.742 |0.746 |0.733 |0.733 [0.767 |0.612 |0.800
20 |0.981 |0.940 [0.977 |0.974 [0.959 |0.973 |0.973 |0.971 |0.971 [0.984 |0.922 (0.992
10 [0.298 |0.089 |0.224 |0.217 |0.189 [0.215 |0.217 [0.210 |0.210 [0.229 |0.167 [0.250
i 20 |0.551 |0.288 [0.467 |0.456 [0.410 |0.453 |0.455 |0.445 |0.445 [0.505 |0.330 |0.584
10 |0.114 |0.031 |0.077 |0.075 [0.070 |0.075 |0.075 |0.074 |0.074 [0.078 |0.069 |0.080
P 20 (0.172 |0.057 |0.121 |0.119 |0.109 [0.118 |0.119 [0.117 |0.117 [0.127 |0.102 (0.143
10 {0.079 |0.034 |0.058 |0.057 [0.056 |0.057 |0.057 |0.056 |0.056 [0.058 |0.055 |0.057
P 20 |0.095 |0.038 [0.068 |0.068 [0.065 |0.067 [0.068 |0.067 |0.067 [0.070 |0.064 |0.074
10 |0.096 |0.033 |0.065 |0.065 [0.064 [0.065 |0.065 |0.065 |0.065 |0.066 |0.064 [0.066
NM, 20 |0.128 |0.047 |0.088 |0.089 [0.086 |0.089 (0.089 |0.089 |0.089 [0.091 |0.081 [0.092
10 {0.061 |0.043 [0.053 |0.052 [0.052 |0.052 [0.052 |0.052 |0.052 [0.052 |0.052 |0.052
NM; 20 |0.068 |0.042 |0.055 [0.054 [0.054 (0.055 |0.054 |0.055 |0.055 |0.055 |0.054 [0.055
10 {0.057 |0.045 [0.051 |0.050 [0.050 |0.050 [0.050 |0.050 |0.050 [0.051 |0.050 [0.050
NI 20 (0.059 |0.043 |0.050 |0.051 |0.051 [0.051 |0.051 [0.051 |0.051 [0.052 |0.050 [0.052
10 |0.054 |0.048 |0.051 |0.051 [0.050 [0.051 [0.051 [0.051 |0.051 |0.051 |0.050 |0.049
NM, 20 |0.054 |0.047 [0.052 |0.051 [0.052 |0.052 [0.052 |0.051 |0.051 [0.052 |0.051 |[0.052
10 0.526 |0.351 |0.472 |0.482 |0.468 [0.482 |0.482 [0.481 |0.481 [0.473 |0.454 |0.431
NLM, 20 |0.803 |0.709 |0.767 [0.777 (0.779 |0.778 |0.777 |0.780 |0.780 |0.766 |0.753 [0.672
10 |0.189 |0.056 [0.143 |0.137 [0.118 |0.136 |0.137 |0.133 |0.133 [0.134 |0.119 |0.133
NLM, 20 |0.332 |0.156 |0.277 [0.268 [0.233 |0.265 |0.268 |0.260 |0.260 |0.263 |0.222 [0.254
10 |0.170 |0.066 [0.105 |0.117 [0.135 |0.119 [0.118 |0.123 |0.123 [0.130 |0.109 |0.134
NLM, 20 |0.265 (0.129 [0.176 |0.195 [0.226 |0.199 [0.196 |0.205 |0.205 [0.224 |0.173 |0.251
10 |0.106 |0.068 |0.076 |0.084 [0.099 [0.086 [0.084 (0.089 |0.089 |0.094 |0.081 |0.097
NLM, 20 |0.148 |0.099 [0.105 |0.119 [0.145 |0.122 |0.120 |0.127 |0.127 [0.141 |0.109 |0.161
10 |{0.180 (0.071 [0.144 |0.141 [0.124 |0.139 |0.140 |0.137 |0.137 [0.144 |0.133 |0.145
NDPCy 20 |0.333 |0.140 |0.257 [0.256 [0.234 |0.255 |0.256 |0.251 |0.251 |0.301 |0.236 (0.336
10 |0.087 |0.032 [0.060 |0.060 [0.059 |0.060 [0.060 |0.060 |0.060 [0.061 |0.059 |0.061
NDPC, 20 (0.113 |0.042 |0.078 |0.078 |0.075 [0.078 |0.078 |0.078 |0.078 [0.083 |0.071 [0.092
10 |0.097 |0.037 |0.067 |0.068 [0.068 [0.068 [0.068 [0.068 |0.068 |0.068 |0.067 |0.067
NDPC, 20 |0.130 |0.053 [0.092 |0.093 [0.093 |0.094 (0.094 |0.094 |0.094 [0.093 |0.088 |0.087
NDPC, 10 [0.050 |0.047 (0.052 |0.050 |0.045 [0.049 |0.050 [0.048 |0.048 [0.049 |0.049 (0.049
20 |0.056 |0.051 [0.060 |0.057 [0.051 |0.056 [0.057 |0.055 |0.055 [0.056 |0.054 |0.058
10 |0.260 (0.106 [0.203 |0.204 [0.189 |0.203 |0.204 |0.202 |0.202 [0.206 |0.198 |0.194
pPeM,y 20 (0.484 |0.265 |0.400 |0.405 |0.391 [0.406 |0.405 [0.405 |0.405 [0.409 |0.402 [0.339
pCM, 10 |0.143 |0.088 [0.165 |0.144 [0.097 |0.139 |(0.143 |0.129 |0.129 [0.131 |0.118 |0.127
20 |0.278 |0.194 [0.302 |0.275 [0.197 |0.268 (0.273 |0.253 |0.253 [0.261 |0.210 |0.260
pcM, 10 |0.084 |0.034 |0.061 |0.060 [0.058 [0.060 [0.060 |0.060 |0.060 |0.061 |0.058 |0.061
20 |0.106 |0.041 [0.074 |0.074 [0.071 |0.074 |0.074 |0.074 |0.074 [0.078 |0.070 |0.086
pcM, 10 |0.083 (0.036 [0.060 |0.060 [0.060 |0.060 [0.060 |0.060 |0.060 [0.061 |0.059 |0.061
20 |0.102 |0.041 |0.071 [0.072 [0.071 |0.072 |0.072 |0.072 |0.072 |0.075 |0.069 [0.077

Note. As in Table 7A.
Source: authors’ work.
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Table 14A. The power of GoFTs for group of alternatives H (ALTs)

Numbered GoFT (see Table 3)

ALT n
1 2 3 4 5 6 7 8 9 10 11 12
P, 10 |0.565 |0.792 [0.761 |0.748 [0.680 |0.743 |0.747 |0.733 |0.733 [0.767 |0.612 |0.801
20 |0.942 |0.982 [0.978 |0.975 [0.960 |0.974 (0.975 |0.972 |0.972 [0.985 |0.924 (0.993
10 [0.086 |0.299 (0.222 |0.217 |0.190 |0.215 |0.217 [0.210 |0.210 [0.229 |0.164 [0.250
& 20 |0.284 |0.552 [0.467 |0.456 [0.408 |0.452 |0.455 |0.445 |0.445 [0.504 |0.329 |0.583
10 |0.032 |0.116 |0.080 |0.078 [0.072 |0.077 |0.077 |0.076 |0.076 [0.079 |0.072 |0.081
P 20 (0.057 |0.169 (0.120 |0.118 |0.108 [0.117 |0.118 [0.116 |0.116 [0.125 |0.101 [0.142
10 {0.034 |0.078 [0.058 |0.057 [0.055 |0.056 |0.057 |0.056 |0.056 [0.058 |0.055 [0.058
P 20 |0.039 |0.096 [0.069 |0.069 [0.066 |0.069 [0.069 |0.068 |0.068 [0.070 |0.065 |0.075
10 |0.033 |0.119 |0.080 |0.079 [0.076 [0.079 |0.079 |0.079 |0.079 |0.080 |0.074 [0.080
NM, 20 |0.065 |0.182 [0.130 |0.129 (0.121 |0.128 [0.129 |0.128 |0.128 [0.132 |0.113 |0.134
10 |0.034 |0.097 [0.066 |0.066 [0.066 |0.066 |0.066 |0.067 |0.067 [0.067 |0.064 |0.067
NM; 20 |0.047 |0.129 |0.088 [0.089 (0.088 (0.089 |0.089 |0.089 |0.089 |0.091 |0.082 [0.092
10 |0.045 |0.058 [0.052 |0.052 [0.051 |0.052 [0.052 |0.051 |0.051 [0.052 |0.050 [0.050
NM, 20 (0.044 |0.060 (0.051 |0.051 |0.051 [0.051 |0.051 [0.052 |0.052 [0.052 |0.051 |[0.051
10 |0.049 |0.051 |{0.050 |0.049 [0.050 [0.049 (0.049 |0.049 |0.049 |0.050 |0.049 [0.049
NM, 20 |0.049 |0.051 [0.050 |0.050 {0.050 |0.050 (0.050 |0.050 |0.050 [0.050 |0.050 [0.050
10 [0.119 |0.360 (0.241 |0.257 |0.269 |0.260 |0.258 [0.264 |0.264 [0.273 |0.229 (0.274
NLM, 20 |0.378 |0.638 |0.510 [0.529 [0.548 |0.533 |0.530 |0.538 |0.538 |0.559 |0.456 [0.567
10 |0.067 |0.184 [0.115 |0.127 [0.145 |0.130 (0.128 |0.135 |0.135 [0.141 |0.118 |0.144
NLM, 20 |0.143 |0.297 |0.199 [0.218 [0.251 |0.223 |0.219 |0.230 |0.230 |0.250 |0.192 [0.276
NLM, 10 |0.094 |0.058 [0.068 |0.074 [0.086 |0.075 |0.074 |0.078 |0.078 [0.082 |0.072 |0.084
20 |0.127 |0.074 |0.087 |0.096 [0.116 |0.099 |0.097 |0.102 |0.102 [0.113 |0.090 (0.128
10 |0.082 |0.115 |0.085 |0.097 [0.115 [0.099 [0.098 |0.103 |0.103 |0.109 |0.093 |0.111
NLM, 20 |0.122 |0.167 [0.121 |0.138 [0.173 |0.142 |0.139 |0.149 |0.149 [0.165 |0.127 |0.186
10 |0.041 |0.157 |[0.098 |0.101 [0.103 |0.102 [0.101 |0.103 |0.103 [0.106 |0.094 |0.104
NDPCy 20 |0.100 |0.261 |0.181 [0.186 (0.187 (0.187 |0.186 |0.188 |0.188 |0.196 |0.160 [0.193
10 |0.066 |0.188 [0.130 |0.136 [0.140 |0.137 |0.136 |0.139 |0.139 [0.135 |0.129 |0.121
NDPC, 20 (0.166 |0.328 (0.250 |0.260 |0.265 [0.261 |0.260 [0.263 |0.263 [0.247 |0.237 [0.194
10 |0.042 |0.064 |0.053 |0.052 [0.053 [0.052 [0.052 [0.053 |0.053 |0.053 |0.052 |0.052
NDPC, 20 |0.042 |0.068 [0.056 |0.055 [0.055 |0.055 |[0.055 |0.055 |0.055 [0.055 |0.055 |[0.055
10 [0.049 |0.052 (0.051 |0.051 |0.050 |0.050 |0.051 [0.050 |0.050 [0.051 |0.050 [0.050
NDPC, 20 |0.048 |0.052 [0.051 |0.051 [0.050 |0.051 [0.051 |0.051 |0.051 [0.051 |0.050 |[0.051
10 |0.036 |0.077 [0.057 |0.057 [0.056 |0.057 |[0.057 |0.057 |0.057 [0.058 |0.055 [0.057
pPeM,y 20 (0.039 |0.094 (0.067 |0.067 |0.065 [0.067 |0.067 |0.067 |0.067 [0.068 |0.064 [0.070
10 |0.042 |0.063 [0.053 |0.053 [0.052 |0.053 |0.053 |0.053 |0.053 [0.054 |0.051 |0.053
pPeM, 20 |0.041 |0.067 [0.055 |0.055 [0.053 |0.055 [0.055 |0.054 |0.054 [0.055 |0.054 |0.056
pcM, 10 |0.042 |0.073 |0.058 |0.058 [0.058 [0.058 |0.058 |0.058 |0.058 |0.058 |0.057 [0.056
20 |0.046 |0.087 [0.069 |0.068 [0.066 |0.068 [0.068 |0.068 |0.068 [0.066 |0.066 |0.063
pcM, 10 |0.041 |0.067 [0.052 |0.054 [0.056 |0.054 |0.054 |0.055 |0.055 [0.055 |0.054 |0.054
20 |0.044 |0.074 |0.057 [0.059 [0.062 [0.059 |0.059 |0.060 |0.060 |0.059 |0.059 [0.054

Note. As in Table 7A.
Source: authors’ work.
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