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Multilane turnpike in the non-stationary input-output
economy with von Neumann temporary equilibrium

Emil Panek?

Abstract. In the author's earlier papers concerning asymptotic characteristics of the optimal
growth processes in non-stationary Gale economies with multilane production turnpikes, it is
assumed that production technology used in time period t may also be used in the next period.
Such an assumption, relevant for short periods, is difficult to justify in the longer term.

The paper contains a proof of the so called ‘weak’ effect of the multilane turnpike in a non-
-stationary Gale economy with changing technology, where this assumption has been sus-
pended.
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1. Basic assumptions and definitions

We assume that in the economy there are n used and/or produced goods, where n is
an integer and is finite. It is assumed that the time t is discrete, t =0,1,2, ...
We let x(t) = (xl(t), ...,xn(t)) = 0 denote goods that are used in period t (an
input vector or expenditure vector) and y(t) = (y1 ), ..., yn(t)) = 0 goods that are
produced in this period from inputs x(t) (an output vector or production vector).!
We say that (x(t),y(t)) represents / describes a feasible production process (due to
disposable technology in the economy in period t). We let Z(t) denote the set of all
technologically feasible production processes in period t and we call it Gale’s produc-
tion space (technological set) in period t. The notation (x,y) € Z(t) (or equivalent-
ly (x(t), y(t))e VA (t)) means that the economy in period t can produce the output
y(t) using inputs x(t). Production spaces Z(t),t = 0,1, ... are nonempty subsets of
R3", satisfying the following conditions:

V(xthy) € Z(O) V(x* y?) € Z()V Ay, 12 2

©D >0 (0L yD) + 2, (x%,yY) € Z(1))

(homogeneity and additivity of production processes),
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(G2) Vx,y) EZ({t) (x=0=>y =0)

(no land-of-Cockaigne condition),

(G3) V(ix,y) EZt)Vx' Zx YOSy Sy ((x,y) € Z({®))
(costless waste condition),

(G4) Production spaces Z(t) are closed subsets of R3™.

From (G1), (G2), (G4) it follows that each production space Z(t) is a closed con-
vex cone in R%" with a vertex at 0 and the property that if (x,y) € Z(t) and
(x,y) # 0, then x # 0. We are only interested in such non-trivial processes (x,y) €
Z(t)\{0}. These conditions imply that:

vt V(x,y) € Z(t)\{0} Ja(x,y) = max{a| ax < y} = m_m% >0
Pox
A non-negative number a(x,y) is called the technological efficiency rate of the

process (x,y). The function a(-)is positively homogenous of degree zero on
Z(t)\{0} and

3(7(0,50) € 2O\ («(x,5) = (6,) =) = 0

max a
(x,y)ez(t)\{o}

see e.g. Takayama (1985, Th. 6.A.1; after replacing Z(t) with Z and a,;, with ay).
The process (¥(t), ¥(t)) is called an optimal production process while @y, ; an op-
timal efficiency rate in the non-stationary Gale economy in period t. Due to the
positive homogeneity of degree zero of the function a(-), an optimal production
process multiplied by any positive number is also an optimal production process

VA >0 ( a(2(1),y(1)) = a(u(t),ay(t)))
Let us assume that:

(G5) vivie{l1,2,..,n}3(x,y) € Z(t)((yi) > 0)
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(the economy has a technology that at any period t allows the production of each
good). This assumption along with (G1) ensures that the optimal efficiency rate a; ¢
is always (at any period t) positive. Let us denote:

Zope(®) ={(x, ) € ZO\{0}a(%,¥) = ap, > 0}

This set consists of all the optimal production processes in a non-stationary Gale
economy in period t. All sets Z,,¢(t) < Z(t),t = 0,1, ... are cones that are contained
in R3" (without 0).> From (G3) it follows that 1f (X,¥) € Zop(t), then also
(x ay tx) € Zype(t) and (y, ayy) € Zopt(t). The vector s(t) = 05 (t;”
the production structure in the optimal process (x(t),y(t)) = (x,y) € Z(t)\{0}3
Assuming (G1)-(G5), the sets*

represents

S(t) = {s(OI3(E(®), (1) € Zope (£) (st = nz Eg”)} t=0,1,..

of the production structure vectors in all optimal processes in each period t are
nonempty, compact and convex; Panek (2016, Th. 2). If s = s(t) € S(t), then the ray

N! ={As|A > 0} c R%}

is called a single production turnpike (von Neumann’s ray) in a non-stationary Gale
economy in period t. The set

N¢ = U Nt = {As]2 > 0,5 € S(B)}
ses(t)

of all the singular turnpikes N{ forms a multilane production turnpike that is acces-
sible in a non-stationary Gale model in period t. Each multilane turnpike N, ¢ =
0,1, ..., is a cone in R%} not containing 0.

In Panek (2018, Lemma 1) we prove that if in a non-stationary Gale economy

satisfying conditions (G1)-(G5) in a certain period ¢ inputs structure — or outputs

structure ﬂ in a process (x,y) € Z(t)\{0} is different than a turnplke s structure,

then its technological efficiency is lower than optimal:

2 See Panek (2016, Th. 1; after replacing Z(t), (IM: with ay,).
3Here and on, ifa € R", then [la|| = ¥, |a;], — ”a” (a1 L a—”)

lall” lall” ** " llall

4 Equivalently S(t) = {s(t)|§|(9?(t),y(t)) € Zope (1) (s(t) = ”;8”)}.
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y
&SV ESH = alny) < aue) ()

X

VEV(x,y) € Z(O\0} <||x||

This condition is important in the proofs of turnpike theorems (Theorems 3
and 4).

Let p(t) = (pl(t), v pn(t)) > 0 denote the price vector in an economy in
period t. If (x(t),y(t)) € Z(t)\{0}, then (p(t), x(t)) = XL, pi(t)x;(t) represents
the value of expenditures incurred in that economy in period t (expressed in prices
p(t)), while (p(t),y(®)) =X, p;(t)y;(t) is the value of outputs produced in
period t from inputs x(t). Let

(p(0),y(®))

B(x(@®),y(®),p()) = PO

((p(t), x(t)) # 0) denote the economic efficiency rate of the process (x(t), y(t)) in
period t (with prices p(t)). Let us take any optimal process (f(t), 37(t)) € Zope (£).
Then

ap,ex(t) = y(t) )
O Theorem 1. Assuming (G1)-(G5):
vt 2 03p(t) 20 V(x,y) € ZO((B(E),y) < an(P(®), X)) (3)

Proof.° According to (G1) for any t we have (0,0) € Z(t) and hence, regarding
(G3),

vEVi € (1,2,...,n} ((e4,0) € Z(0))

where et = (0, ..., 1, ...,0) € R" is an n-dimmensional vector with 1 as the i-th co-
ordinate.

Let us choose any period t and let us define the set

c(®) ={c| v(x,y) € Z(t) (c = ayex — y)}

5 Proof based on Panek (2019b, Th. 1).
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This set is a convex cone in R™ (as a linear image of a cone Z(t)), which does not
contain negative vectors. Indeed, if C(t) contained a negative vector c’, then there
would exist a production process (x',y") € Z(t), such that ¢’ = ap x' —y' <0,
and therefore ay; . x" < y'. This would mean that

3> 0 e = a(ty) 2 ae',y) 2 ay,+e)

max
(x,y)ez(t)\{0}

and this contradicts the definition of the optimal efficiency rate a; ..
Since (ei, 0), i =1,2,...,nbelongs to Z(t), therefore vectors

cl=ayet—=0=(0,..,aps..0), i=12.,n

belong to C(t) (with ap; ¢ > 0 on the ith coordinate). Then, the hyperplane separa-
tion theorem implies:

Ip(t) # 0Vc e C(t){p(t),c) = 0)
In particular,

(P(), ") = ap,pi(t) =0, i=12,..,n

so p(t) = 0. Hence, condition (3) follows from ¢ = ay; ¢x — y. [ ]

2. Temporary von Neumann equilibrium

It follows from (2) and (3) that

V(2(0), 7)) € Zope (P, ¥(©)) = apr(P(D), X(1)) = 0)

which means that it is theoretically possible that (p(t), ¥(t)) = 0 (zero production
value in the optimal process (f(t), 37(t)). This unrealistic case does not occur when
the following condition is met in the economy:

Vt=0V(x,y) € Z(t)\

@6 \(} (a(x. Y) <ty = 0 < f(x,9,5(8) =

(B(t),y)
BO,x) “’””)

(no production process that does not have the highest technological efficiency can
achieve the maximum economic efficiency).
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O Theorem 2. If p(t) are prices from Theorem 1, and conditions (G1)-(G6) are
satisfied, then

vt V(x2(0), () € Zope (1) € Z(1) (1), ¥(t) =

= a3, (P(0), 2() > 0) )

Proof is similar to the proof of Theorem 1 in Panek (2018) (after substituting
(), ¥(1)) € Zope (), apy instead of (X, %) € Zypr, ay)- n

When the optimal efficiency rate ¢, optimal production process (¥(t), ¥(t)) €
€ Zopt(t) © Z(t) and prices p(t) = 0 meet the following conditions:

ap,eX(t) = (1) (5)
V(x,y) € ZO(B(0),y) < aw,(5(6), x)) (6)
(P@®),5(1) >0 7)

we then say that they define the state of the temporary von Neumann equilibrium in
a non-stationary Gale economy in period t. The vector p(t) is called the equilibrium
price vector in period t. It follows from conditions (5)-(7) that in the equilibrium:

BE®.70),p®) = ggg;gg; = 2% o P2y P (D) =

=a(x(®), 7)) = ay; >0

i.e. in the temporary equilibrium in any period t, the economic efficiency of produc-
tion equates with the technological efficiency, and in each case this is the highest
possible efficiency for the economy. In the non-stationary Gale economy, under
conditions (G1)-(G6), the temporary equilibrium states always exist (in all periods
of time). They are formed in each period t by a triple {aM_t, (J?(t), y(t)), ﬁ(t)} with
any optimal production process (f(t), }7(t)) € Zope (t). Prices vector p(t) and pro-
duction process (f(t),}‘/(t)) in the temporary equilibrium are defined up to the
structure (i.e. any positive multiple of a temporary equilibrium price vector is also an
equilibrium price vector and any positive multiple of an optimal process is also op-
timal process).
Let us consider any production process (x,y) € Z(t)\{0} and let

xl

d(x,N) = inf [|[-——-—
( el T

x'eNt

’ (8)



E.PANEK Multilane turnpike in the non-stationary input-output economy with von Neumann... 83

be a measure of the distance of the vector x from the multilane turnpike N* in period
t. If conditions (G1)-(G6) are satisfied, then

Ve >0Vt =036, € (0,ay,) V(x,y) € Z(t) \ {0}
(d(xl Nt) =&= ﬁ(xl Y, p_(t)) < aM,t - E,t)
or equivalently:
d0e N = £ 2 (B(0),Y) — (e — 80 ) (D), %) < 0 ©)
Proof is similar to the proof of Lemma 2 in Panek (2019a).° [ |
Under conditions (G1)-(G6), without any additional restraints, it may happen
that for a given € > 0 (from (9)):

0t — 0 when t — +o0

This condition means that the economic efficiency of a production process
(x,¥)Z(t) \ {0} may increase with time, approaching the maximum level

,B’(x, Y ﬁ(t)) — ayy when t— +oo
although the production/input structure in such processes will constantly deviate by

€ from the (optimal) production structure that is achieved only in the turnpike. We
can exclude this unrealistic situation by assuming, as in Panek (2019a), that:

5
(G7) Ve> 03y, >0Vt —L >,
Ot

We assume that, regardless of the time horizon T, temporary equilibrium prices are
non-increasing and limited:”

(GS8) >0V, >0vet<t;(p) Z2p(t+ 1) =0A |lp®DIl < p)

Temporary equilibrium prices p(t) are defined up to the structure. Thus, for this
condition to occur, it is enough that they are positive. This assumption is realistic.

6 See also Theorem 5 in Panek (2016).
7 See Panek (2014). Regarding the assumed monotonicity of the temporary equilibrium price trajectory,
rather than assumption vt < t,(|[(t)|| < p), itis sufficient to assume the weaker condition: ||5(0)|| < p.



84 Przeglad Statystyczny. Statistical Review 2020 | 1

3. Feasible and optimal growth processes. ‘Weak’ turnpike effect

Let us determine a finite set of time periods T = {0,1, ..., t; }. Traditionally we call it
the economy horizon. Usually we assume that the inputs x(t + 1) that are used in
the economy in the next period, come from the outputs y(t) produced in the pre-
vious period, x(t +1) = y(t), t =0,1,...,t; — 1. That, together with condition
(G3), leads to the condition

(y(©),y(t+1)€Z(t+1), t=0,1,..,t;—1 (10)
An initial positive production vector y° in the period t = 0 is determined:
y(0)=y°>0 (11)

An economy that fulfils conditions (G1)-(G8), (10), (11) is called a non-
-stationary Gale economy with a multilane turnpike and changing technology. Each
production vector sequence {y(t)}?:o satisfying conditions (10)-(11) is called
(y°,t,) - feasible growth process (production trajectory).

Let u: R} — R! denote a continuous, concave and increasing utility function,
positively homogeneous of degree 1, that is determined on production vectors in the
final period t; of the time horizon T and satisfying the following conditions:

(G9)(i) da >0 Vs € ST (uls) < a(p(ty),s))
where

ST = {x e RYllx|| = 1}

(2i) Vs € S(0)(u(s) > 0)8

We denote the feasible growth process that is a solution to the following target
growth problem (maximising the utility of the outputs produced in the last period of
time horizon T):

max u(y(tl))

8 Condition (i) states that regardless of the length of the horizon T, the utility function may be approximat-
ed by the linear form with a coefficient vector ap(t;); a > 0. Some of the CES utility functions that are
positively homogeneous of degree 1 meet conditions (i) and (2i).
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subject to (10), (11) (12)

(with fixed y°)

by {y*(t)}iio and we call it the (y°, t;,u) — optimal growth process. Under our
assumptions there exists a solution to the problem (12).°

The author’s previous paper (Panek, 2019a) focused mainly on the Gale economy
in which an output vector y(t) produced in each optimal process (J?(t),y(t)) €
Zope(t) € Z(t) in period t was at the same time an input vector X(t + 1) in an
optimal process (f(t +1),y(t+ 1)) € Zope(t+1) c Z(t + 1) in period t+ 1.
This required the assumption that the production technology available in the econ-
omy in period t would be available also in period t + 1. This assumption, although
natural in a short period of time, is difficult to justify in the longer term. Below, as in
Panek (2019b), we formulate the following, much weaker condition:

G10) E(D, T (O} ¥t € T ((F(O),7(1)) € Zope(£)) A VE<
(x(t+ 1) =5()

According to (G10), (G3), (5) and (10), there exists at least one series of the opti-

mal production processes {x(t), y(t)}iio, such that:

||§Eg§|| =5€5(0),(¥(®),yt+ D) €Z(t+1), yt+1) =
= Ay Y(0), t =10t =1

That is,

y(©) = (Th=1ame)y(0), t=1,..,t (13)
and

vt € T(¥(t) € N2 = {A5]2 > 0} € N?)

°This is equivalent to the problem  max
y(t1)ER 0

pact set Ryo,, of all the output vectors that it is possible to produce in period t; by an economy that
‘started’ in the initial period t = 0 from the state y°). The existence of the solution follows from the
Weierstrass theorem on the existence of the maximum of the continuous function on the compact set;
the proof is similar to the proof of Th. 5.7 in Panek (2003; chapter 5).

u(y(t;)) (maximizing continuous function u(:) on the com-
1
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The trajectory {y(t)}?:o and any positive A — multiple of this trajectory lies entire-
ly on the von Neumann ray N2: if y(t) € N2, thus for any A > 0 we also get

- 0 . _ NN 10) O _ 3O _
Ay(t) ENS, t =0,1,...,¢t;. Since 5(t) Ol € S(t) and Ol = Ol 5 € 5(0),
thus

vt € T(N? € N%)

i.e. N (a single turnpike, possibly unique) belongs to the multilane turnpike Nt in
all periods of the horizon T. We call it the peak von Neumann ray (peak turnpike) in
a non-stationary Gale economy with changing technology. The economy achieves
the highest growth rate a),, over the entire time horizon T (in all periods t € T)
only on the peak turnpike N2.'°

In Panek (2019a, 2019b) we proved that in long periods (in a long horizon T') each
(y°, t1,u) — optimal process {y*(t)}i;0 almost always runs in close proximity to the
widest of all the multilane turnpikes N*1 = U,y Nt (the shape the turnpike adopts
in the last period t; of the horizon T)!! available in the economy. Theorem 3 formu-
lated below describes the stability of the optimal growth processes in proximity to
each of the multiline turnpikes N’ that exist in the economy in periods t =
1,2,...,t; of the horizon T.

O Theorem 3. If conditions (G1)-(G10) are met, then for any € > 0 there
exists a natural number k., such that the number of time periods in which

(¥°,t,,u) — optimal process {y*(t)}ilzo satisfies the condition!?
d(y*(t),N*1) > ¢ (14)

does not exceed k.. The number k. does not depend on the length of the horizon.
Proof. From the definition of the (y°, t;,u) — optimal process, according to (6),
(10) we obtain the following condition:

<ﬁ(t + 1)' }’*(t + 1)) < aM,t+1(ﬁ(t + 1):y*(t)>> t= 0'11 ] tl - 11

1°We are only able to say about all the other rays (single turnpikes) N (t € T,s € S(t), s # ), both those
existing in the economy in period t = 0 and the one that will arise later, that among them there may (but
does not have to) exist a single turnpike available in all the horizon T, as well as those appearing in a cer-
tain period 7, = 0 and disappearing in a certain period 7, < t;.

" In the above-mentioned papers, the production spaces meet the condition Z(t) < Z(t + 1). Now we
revoke this condition. This means that in the current version of the model, not every production technol-
ogy available in the economy in period t also has to be available in the future; therefore inclusions Nt <
N1, t < t; might not happen. Regarding (G10), we always get (regardless of the length of the horizon
T): ﬂi;o N¢ # @ (because of our assumptions the entire ray N2 belongs to the set r’]i;o N%).

12|n previous papers (2019a, 2019b), instead of metrics d(y*(t), N**1), there is d(y*(t), N').
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i.e. (considering (G8)):

(P(t)), y" (t)) < ape, (P(), y"(t — D) <
Say, (Pt — 1D,y (- 1) <

< Ay, v, -1P(t — 1),y (6, — 2)) < (15)
ty ty
w2 ] a0y <[] anem .y

Let us assume that in periods 74, Ty, ..., Ty < ti, the inequality (14) holds. Let L =
{ty, 75, ..., T }. Then according to (9):

(Pt + 1),y + D) < (ampesr = Serrn)BE+ D, y" @), tEL  (16)
From (15), (16) we get the condition:
21
(p(t),y" (1)) < (ntzl aM,t+1> <1_[(aM.t+1 - 5s,t+1)> (p(0),y°)
teL tel

and thus, due to (G9)(i), we reach the upper limit of the output utility produced in
the last period of horizon T

t1
u(y*(t) < a(p(t),y*(t)) < a <1_L=1 aM,t+1)

téL

<1_[(aM,t+1 - 5s,t+1)> (p(0),y°)

teL

(17)

0
The initial production vector y? is positive (see (11)). If we take 0 = m,inz% >0,
1 i

then we are able to construct (y°,t;) — acceptable process {fl(t)}?:o:

yo, t= O
S(6) = t
y( ) U(n CZM_9>§, t = 1, ""tl
6=1

in which an economy starting in the initial period from the state y° reaches
the single (peak) turnpike N2, 5 € S(0) already in the next period t=1.
The economy can remain on this turnpike until the end of the horizon T, see (13).
Due to the positive homogeneity of the degree 1 of the utility function, from
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(G9)(2i) and from the definition of the (y°,t;,u) — optimal process, the following
inequality holds:

u(y () 2u@e) = o[ | aus)u® >0 (18)

By combining (17) and (18), we obtain the condition:

a<1_[ laMHl) (]_[(amm - gt+1)><p<0) y°)

teL tel
t —
> 0(]_[91=1 aM‘Q)u(s) >0

and hence after the transformations, regarding (G8) (and using the fact that u(-) is
positive and continuous on the compact set S(0)), we obtain:

Tk 1) ou(s OUpy;
1_[ <1_ ‘t:,t+1>2 o ( )0 > T:’)Lln —C>0 (19)
t=11 amer1)  aP(0),y°) ~ apYmax

where Uy, = srer}si(r(})u(s) >0, Yax = ml.axyl'o >0

According to (G7), there exists v, > 0, such that for any moment ¢ we have
Set

- > v, which in combination with condition (19) leads to the inequali-
Mt

ty (1 — v;)* > C and allows us to estimate k:

k<—n¢ _, (20)
“In(1-v,)

This is enough to take the smallest natural number not less than max {0, k} as k..
|

4, Final remarks

Remark 1. Replacing condition (11) with a weaker condition:

y(0)=y°>0 (119
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and with the assumption:
(G11) There exists (y°, ) — acceptable growth process (J(£)}_,, < t;, in which13
y@) >0

we obtain the following version of the ‘weak’ multilane turnpike theorem:

O Theorem 4. If conditions (G1)-(G11) are met and {y*(t)}?:o isa (y°,t;,u) —
optimal growth process (the solution to the problem (12) after replacing condition
(11) with (117)), then for any number € > 0 there exists a natural number k, such

that the number of time periods, in which (y°,t;,u) — optimal process {y*(t)}?zo
satisfies the condition:

d(y" (O, N > ¢

does not exceed k.. The number k. does not depend on the length of the horizon T.
Proof. If we assume that (y°, t;,u) — optimal growth process {y*(t)}?:o is the
solution to the problem

max u(y(tl))
subject to (10), (11°)

and by repeating the proof of Theorem 3, we come to the condition (17). If the con-
dition (G11) is met, then there exists (y°t;) - acceptable growth process

FOILy:

v

y(t), t=0,1,..t
y(t) = l—lf y 21
y() 0’( aM’Q)S_', t=t+1,,t1 ( )
0=t+1
o= mjnyi?(t) > 0 and
i i

(22)

uly @) zu(3e) = o([ |

aM_g) u(s) >0
1

3 There exists (y°, ) — acceptable growth process, in which the economy in period £ (before the end of the
horizon T) is able to produce a positive output vector.
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The rest of the proof is similar to the proof of Theorem 3. From (17), (22) we
obtain the condition:

a (Hilzl a’M,t+1> (Meer(anmee1 — 8er41) )(P(0),¥°) =

tel
ty
> 0(1—[ aM,g)u(s_) >0
0=t+1

in other words:

Tk ou(s OUyy;
1_[ (1 _ £,t+1> > ( )f > _ mfm —C>0
t=7q Ape+1 a(p(0),y°) H9=1 Apve  APYmax H9=1 (97 :]

Consequently, we obtain again the estimate (20). ]
Remark 2. Theorem 4 remains valid if we replace condition (G11) with the as-
sumption that there exists (y°, £) — feasible growth process {¥(t)}t_,, f < t,, lead-
ing from the intitial state y° to the peak turnpike ¥(f) € N2. The proof proceeds in
the same way as the proof of Theorem 4.
Remark 3. Theorem 4 also remains valid if - condition (G10) is replaced with
a (weaker) condition:

3E <t FQW), YOI VEE{FT+T, .., b1}

(G10) ((FO,5(®)) € Zope () A
AVEE(LT+1,..., t; — 1} (Rt + 1) =5())

and condition (G11) is replaced with the condition:

(G11’) There exists (y°, £) — acceptable growth process {¥(t)}t_,, f < t; leading in
a period f > f from the initial state (11’) to the peak turnpike NI = {15|1 > 0},

- _ @ M
where § o € S(1).

Remark 4. In the model of the non-stationary economy with a multilane turnpike

and changing production technology presented in this paper, the production growth

rate @y ¢ changes (increases) on the peak turnpike, whereas the production struc-
y(©)
lly@ll
tion growth rate that changes over time, but its structure as well. Sometimes these

ture 5(t) = remains unchanged. In real economies it is not only the produc-

14 Then the peak turnpike N{ exists from period t =  (not necessarily from t = 0).
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processes are very dynamic and are the result of technological and/or organisational
progress, innovation, depletion of natural resources, changes in consumer demand,
etc.

There is no evidence that analogous changes in the production structure cannot
occur on the turnpike. Therefore, it seems reasonable to include the changing pro-
duction structure on the peak turnpike in our non-stationary Gale economy with
a multilane turnpike as well, which leads to the next stage of the research.’
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