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LETTER FROM THE EDITOR

Dear Readers,

It is with great pleasure that we present to you the first issue of Przeglgd Statystyczny. Statistical
Review in 2026. Reflection on quantitative research and its role in an increasingly complex and
rapidly changing world remains an important part of our editorial perspective.

This past year has once again highlighted the growing importance of statistics as a funda-
mental tool for analysing social, economic and technological phenomena. In an era of expand-
ing data availability and rapidly developing analytical methods, issues such as data quality,
methodological transparency and research integrity have become more critical than ever. Our
journal remains committed to serving as a platform for the exchange of scientific ideas, sup-
porting both methodological advancements and their practical applications across disciplines.

We warmly invite researchers to submit their manuscripts to Przeglgd Statystyczny. Statis-
tical Review. We particularly welcome contributions that offer innovative methodological
approaches as well as high-quality empirical studies that advance quantitative knowledge and
its applications.

At the same time, we would like to express our sincere gratitude to all Authors and
Reviewers for their invaluable contributions, dedication and commitment to maintaining the
high academic standards of our journal. Your work is essential to its continued development
and reputation.

I would like to invite you to explore the current issue and hope it offers valuable and
inspiring insights.

On behalf of the Editorial Board,
Krzysztof Echaust

Editor-in-Chief

Przeglgd Statystyczny. Statistical Review
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Stochasticity, non-linearity and non-parametricity:
statistical challenges in approximating
SOCio-economic processes

Jozef Pociecha?®

Abstract. The aim of this article is to indicate the relevance of the challenges faced by
statisticians in the analysis of socio-economic processes, which requires breaking many of the
well-trodden paths of analysis. Until now a preference for linear, parametric methods was
observed, supposedly allowing the discovery of cause-and-effect relationships. According to
Kant's philosophy, ‘a thing in itself’ is not knowable and from this perspective, the main task of
statistics is to approximate reality. In statistical studies, only stochastic approximation is made
and determining the stochastic structure of processes is as important as studying their
regression.

The presented review of the literature leads to the conclusion that stochasticity and non-
linearity are the primary features of socio-economic processes and that nowadays their analysis
is most effective when based on non-parametric methods. Thus, the paper presents a basic
catalogue of methods used for studying non-linearity, the stochastic character and
approximation of economic processes using non-parametric methods.

An additional aim of this paper is to emphasize the importance of fundamental statistical
monographs to the development of statistical research methodology. The contribution of
Polish publications to the advancement of contemporary knowledge is also discussed.
Keywords: approximation approach, stochastic approach, non-linear methods, non-parametric
methods

JEL: C00, C10,C14

1. Introduction

The purpose of statistical research is to provide numerical characteristics of the
reality surrounding us. When we conduct such research, it is also necessary to reflect
on its philosophical and methodological foundations. An important question thus
arises whether it is possible to arrive at the truth by statistical means. Statisticians
believe that it is possible (Pociecha, 2023). Generally speaking, statistics is a method
of learning from experience and making decisions under conditions of uncertainty.
In this view, the truth can be understood as a judgment, with an acceptable
probability (error), consistent with reality. Methods of statistical inference constitute
one of the tools used for finding the truth in statistical terms.

2 Krakow University of Economics, College of Economics, Finance and Law, Institute of Quantitative
Methods in Social Sciences, Department of Statistics, ul. Rakowicka 27, 31-510 Krakéw, Poland, e-mail:
pociecha@uek.krakow.pl, ORCID: https://orcid.org/0000-0003-3140-481X.
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Two outstanding mathematicians and statisticians of the 20th century, Richard
von Mises and C. Radhakrishna Rao, emphasised that mathematical statistics is the
universal way of arriving at the truth understood in probabilistic terms. In his book,
Probability, Statistics and Truth (von Mises, 1957), von Mises discusses the key
issues of probability calculus and mathematical statistics in the light of the
foundations of mathematics and the philosophy of science. He discusses the
definition and essence of randomness and considers the definitions of probability,
starting from the classical one, through the geometric, subjective concept of
probability, to the theory of frequentist interpretation of probability. He then asks
the question: What is statistics? The author then proceeds to offer comprehensive
possible answers to it. Von Mises also pays attention to exploring the nature of
causality. He perceives the transition from probability to knowledge of the real world
as follows: ‘Owing the original relation between the basic concepts and the observed
primary phenomena, this theoretical structure permits us to draw conclusions
concerning the world of reality. In order to allow a rationally justified application of
this probability theory to reality, a quantitative probability concept must be defined
in terms of potentially unlimited sequences of observations or experiments’ (von
Mises, 1957, pp. 7-8).

Rao, likewise, sees statistics as a tool for discovering the truth. In his book,
Statistics and Truth (Rao, 1997), the author uses examples from the natural sciences
to show the scientific shift from determinism to probabilism. Quoting Max Born’s
thought, he writes: “Today, the order has been reversed: chance has become the
primary notion, mechanics an expression of its quantitative laws, and the
overwhelming evidence of causality with all its attributes in the realm of ordinary
experience is satisfactorily explained by the statistical laws of large numbers’ (Rao,
1997, p. 20). Throughout the book, Rao emphasizes the view that statistics has
become a tool for finding the truth in modern scientific research.

In addition to the views of eminent mathematicians and statisticians cited above,
what inspired this article is a statement by Andrew Briggs, one of the pioneers of
quantum technologies, professor at the University of Oxford. In an interview
published in Poland, he states that ‘life is nonlinear and stochastic’ (Briggs et al.,
2025, p. 46), which is developed in the book Human Flourishing: Scientific insight
and spiritual wisdom in uncertain times (Briggs & Reiss, 2021). The authors
emphasize that the statement ‘life is nonlinear and stochastic” reflects the fact that
life events and processes do not follow a straight, predictable path, but are influenced
by chance and complex disproportionate relationships. Biological systems and
individual human experiences exhibit non-linear dynamics, where small changes can
lead to large, disproportionate effects. These systems and experiences are subject to
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stochasticity characterised by an inherent randomness and probability of events

occurring over time.

Here, it should be noted that the full understanding of the reality around us is not
possible. In philosophical terms, this was most fully expressed by Immanuel Kant,
who formulated the concept of ‘the thing in itself as a reality that exists, but
although inaccessible to human consciousness, its presence is manifested through
phenomena that are the source of impressions (Tatarkiewicz, 1978). We can observe
these phenomena with greater or lesser accuracy, i.e. we are only able to approximate
the reality under study. As previously mentioned, socio-economic processes are
stochastic in nature, therefore, the stochastic approximation method is the most
general statistical method for searching for the truth about the reality.

The aim of this article is to recall the philosophical and methodological
foundations of conducting research and statistical analyses and, in this context, to
explore the challenges faced by those conducting such type of research. The most
important contemporary challenges facing statistics are as follows:

e The shift from discovering the regularity of the course of socio-economic
processes to analysing the stochastic structure of the models constructed to
represent them. This will allow a more precise determination of the uncertainty
about their future course and thereby, the risk of developmental anomalies;

e Emphasizing that statistical or econometric modelling is only a form of
approximation of the studied socio-economic reality, where the acceptable
accuracy of the approximation is up to us;

e Assuming that non-linearity is an essential feature of the course of socio-
economic processes. Their linear course is only a rare case, and not a reference
point for conducting empirical research. Therefore, the basic methods of
statistical analysis should be non-linear methods;

e Difficulty in modelling non-linear processes using parametric methods, as it
requires defining the analytical form of the non-linear functions and determining
the number of parameters involved, resulting in their computational complexity.
Thus, non-parametric statistical modelling is more useful;

o The use of statistical learning methods for non-parametric process modelling.

The secondary aim of the work focuses on Polish statistical and economic thought
and presents works that made a significant contribution to the world achievements
in the field of statistical methods and were published in Polish. The aforementioned
challenges will be discussed along with an indication of the recent research
achievements in this area and suggestions for the application of the statistical
learning paradigm in conducting socio-economic analyses.
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2. Cause and chance

Causality is a philosophical category that describes the universal and necessary
relationship between phenomena that take place in the objective reality, where one
factor, which is the cause, leads to the occurrence of another factor, which is its effect.
Causality describes the relationship between variables where a change in the cause
leads to a change in the effect. The principle of causality is a fundamental philosophical
and scientific concept proclaiming that every phenomenon has its cause and its effect,
which describes the universal interdependence of phenomena in the surrounding
reality. According to this principle, phenomena are related to each other in a causal
relationship, where the cause precedes the effect as a set of conditions necessary and
sufficient for its occurrence (Jadacki, 2020). Aristotle had formulated criteria essential
to establishing a cause-and-effect relationship (Aristotle’s theory of four causes). These
conditions are: logical temporal order, correlation, lack of alternative explanations
(elimination of third factors) and a reliable causal mechanism (Nowakowski, 2017).

The philosophical concept which assumes that all events are inevitable and logical
consequences of those preceding them is determinism. According to this idea, each
state of the universe is shaped by its previous states and laws of nature, which
excludes the influence of chance and free will. There are many types of determinism.
The most important are: physical determinism, biological determinism and social
determinism. According to physical determinism, all events and states of the
universe are predetermined by previous causes and immutable laws of nature. Thus,
any future is the only possible one when we know the initial state. According to
biological determinism, human behaviours and traits are largely or entirely
determined by genes and physiology. Social determinism assumes that an
individual’s behaviour and development are largely shaped by social factors such as
the environment, culture, social class and interactions with other people.

In the history of human thought, determinism was the original philosophical
position, according to which all events in nature are predetermined. In antiquity, the
most famous supporter of deterministic causality was Democritus, known primarily
as the creator of the ancient theory of atomistic matter. Atomists tried to explain the
phenomena of the surrounding world through a causal framework. They claimed
that nothing happens without a reason, but everything happens for some reason and
out of necessity. They understood the nature of causes in a material and mechanical
way.

Determinism can take two forms, depending on the degree of determination:
extreme and moderate (Pociecha, 2023). In the history of philosophy, the most
extreme deterministic view was that of Laplace’s ‘mathematical demon’. As a spirit
endowed with unlimited mathematical deduction, it could predict all future events
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knowing all the quantities that characterise the present state. In moderate
determinism, on the other hand, certain restrictions are imposed on the functioning
of cause-and-effect relationships. An example of such a restriction is the view that
determinism is basically an intellectual construction, while the development of
nature, which is spontaneous and creative, is conditioned by internal force and life
momentum, inhibited by inert matter (Lemanska, 1998).

In philosophy, necessity is opposed to contingency. The word ‘chance’ refers to an
unpredictable event or situation. In statistics, instead of the term chance, the term
‘randomness’ is used. It describes a situation in which we are not able to give
a purpose, cause, order or predictable course of a given phenomenon. A random
process, on the other hand, is a process whose results cannot be accurately predicted,
but can only be described by its distribution. The mathematical equivalent of the
concept of chance is a random event. In the calculus of probability, random event A
is defined as a measurable subset of a set of elementary events Q) of a given random
experience. Each subset contains single or any number of elements, called
elementary events. The measurability requirement implies that possible events must
form a sigma-body on Q.

A philosophical position that recognises the objective existence of chance is
indeterminism. It assumes that the same causes do not necessarily lead to the same
effects. Thus, it makes predicting later phenomena on the basis of earlier ones
impossible and negates the strict conditioning of all phenomena. It is based on the
common observation that random events are common in the world around us.
Science nowadays recognises physical, biological and social indeterminism.

Newton’s classical physics, or classical mechanics, was an example of
a deterministic understanding of the world. However, in as early as the second half
of the 19th century, an Austrian physicist, Ludwig Boltzmann, provided the
foundations of statistical mechanics, giving a statistical explanation of the second law
of thermodynamics. Werner Heisenberg, a German physicist and philosopher of
science, co-creator of the theory of quantum mechanics, winner of the Nobel Prize
in physics, formulated the uncertainty principle. It states that there are pairs of
quantities that cannot be measured with arbitrary accuracy at the same time. The act
of measuring one quantity affects the system so that some of the information about
the other quantity is lost. Heisenberg’s uncertainty principle does not arise from the
imperfection of measurement methods or instruments, but from the very nature of
reality. Heisenberg proclaimed that in a world of the smallest material particles there
is no causal conditioning; he pointed to the ‘freedom of the will of the electron’. This
position has shifted to the realm of philosophy, proving the existence of
indeterminism in nature. Thus, the deterministic approach, which was the original
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philosophical understanding of the world, has been replaced by its indeterministic
counterpart, which is now the dominant modern scientific view.

In biology, the theory of evolution is based on indeterministic behaviour, which
explains the observed diversity of life through the accumulation of random
mutations in the gene pool of populations that have not been in contact with each
other. Influenced by various selection pressures, a different set of traits is selected
from random mutations and, as a result, over time, populations become less and less
similar to each other.

Social indeterminism is a philosophical and sociological view that denies the
existence of strict, necessary laws governing social phenomena, which means that
events in society are not strictly determined by the conditions that precede them. He
rejects the idea that society is subject to the laws of determinism and instead
emphasizes the role of chance, free will and other factors in shaping human
behaviour and societies. Works exposing the indeterministic factor in the social
sciences are puzzling. These include the work Dynamics and Indeterminism in
Developmental and Social Processes by Fogel et al. (2014), in which the authors
critically analyse the role of indeterminism in human psychological and behavioural
development. They review the concepts of indeterminism and determinism in terms
of dynamic systems thinking. They apply these general ideas to non-verbal
communication systems, emphasizing the vagueness inherent in symbols and the
creation of meanings in social systems. They also discuss indeterministic processes
occurring within the individual, related to emotional, social and cognitive
development.

Economic processes are also indeterministic in nature. Indeterminism in the
economy assumes that economic events are not strictly determined by previous
causes and their course is influenced by many unpredictable factors, including the
free will to make decisions by the market participants. This means that even under
identical initial conditions, different economic outcomes are possible. Intriguing are
the works The Concept of Indeterminism and Its Applications: Economics, Social
Systems, Ethics, Artificial Intelligence, and Aesthetics (Katsenelinboigen, 1997) and
Indeterministic Economics (Katsenelinboigen, 1992) by Aron Katsenelinboigen,
a professor at Wharton School, University of Pennsylvania. In these studies, the
author uses the concept of indeterminism to analyse various systems, including
economics, social, ethics, artificial intelligence, and aesthetics systems.
Katsenelinboigen argues that indeterminism is a fundamental aspect of complex
systems, separate from uncertainty and requiring specialist understanding. He
promotes his own ‘theory of predisposition’, which assumes that indeterminism can be
understood as a tendency of a system to evolve in a certain way. An interesting book,
written in Polish, on the role of indeterminism in economics is by Leszek J. Jasinski,
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titled Analysis and Interpretation of Economic Research (Jasinski, 2017), where the
author focuses on the role of induction in economic research, the indeterministic
nature of economic processes, the ways of overcoming uncertainty and the
functioning paradigms in economics.

All the works cited here indicate the need to emphasize the stochastic character of
socio-economic processes. When conducting statistical modelling of such processes,
we should not only strive to discover the regularities of their course, but characterise
the stochastic range of their variability as well. Equally important is to measure the
uncertainty of economic processes resulting in uncertainty about future events or
the outcomes of actions, inherently present in the economy. Uncertainty is a key
element influencing decision-making and a prerequisite for determining risk.
However, risk is a broader concept, encompassing situations in which we know the
potential effects of our actions and the probability of such situations occurring.

In light of the statements above, the challenge facing statistics involves treating
uncertainty and the related risk measurement as precisely as possible, while
uncovering the patterns of past processes and determining their expected course in
the future. From a mathematical point of view, this is a problem of optimising the
stochastic approximation of the studied socio-economic reality.

3. Approximation as a method of achieving the cognitive goal
of science

The main function of science is to acquire knowledge about the surrounding reality,
and the cognitive goals and values indicated in the philosophy and methodology of
science should serve this function. Witold Strawinski defines the goals of science as
follows: ‘“The main social function of science is the cognitive function. Thus, the
main goals and values pursued in scientific research are primarily cognitive goals
and values. Other functions of science - educational, innovative, ‘emancipatory’
— are derived from its main function’ (Strawinski, 2011, p. 323).

The goal of scientific cognition is to obtain knowledge that is general, yet precise
and simple. In terms of cognition, scientific knowledge is the best type of knowledge,
which most adequately describes reality. Science owes its high cognitive status to the
methods and language it uses. The use of scientific language and the application of
generally accepted scientific rules determine whether or not a given statement is of
a scientific nature. Consequently, the acquisition of knowledge about the reality that
surrounds us is governed by the rules of scientific methodology, which is itself
a metascience (Grobler, 2006). There are many typologies and classifications of
scientific disciplines known in the literature (see, for example, Kaminski, 1981).
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The essence and paths of scientific cognition are presented in more detail, e.g. in the
work by Bogdanienko (2018).

The cognitive goals pursued in scientific research depend on what area of
knowledge a given scientific discipline represents. The sciences are generally divided
into two basic classes: theoretical sciences and empirical sciences. Empirical sciences,
based on the principle of a posterior inference, include the social sciences and
economics (Sagan, 2016). It should be noted, however, that economics also uses
elements of a priori inference, an example of which is mathematical economics. An
exhaustive overview of the issues related to the philosophy and methodology of
economic sciences was compiled by Burnewicz (2021). Their cognitive function
consists in identifying, describing and explaining economic phenomena and
processes on a macro and micro scale, as well as in predicting their course (Kucinski,
2010). The position and specificity of the humanities and socio-economic sciences in
the entire typology of sciences is emphasized in the book by Sosenko (2008).

The basic tool of quantitative economic research is the econometric model.
Lawrence R. Klein, the winner of the 1980 Nobel Prize in Economics, defines the
econometric model as follows: ‘A model is a schematic simplification, omitting
irrelevant aspects in order to explain the inner workings, form, or construction of
a more complex mechanism. Social systems are extremely complex, sometimes so
complex that we are not able to fully explain all aspects of them at once. In such
cases, we break the problem down into parts, but sometimes even that is not enough
to fully understand it. That is why modelling is an important stage. The social model
consists of simplistic assumptions, approximate but understandable dependencies,
and a certain explanation of reality. It is not reality, but only a simplified image of
reality that man is able to understand” (Klein, 1982, p. 15).

However, Professor Zbigniew Czerwinski asks further questions and proposes
some answers to them. ‘Is a model a description of facts, a stated regularity (of what
degree of generality?), the formulation of a hypothesis or something else? It depends
on how you understand the model. Regardless of what definition we take, it will not
be harmful to econometrics to say that it has not been able to detect universal
regularities (independent of the coordinates of time and space), accurate regularities
(which work within the limits of measurement error), and non-trivial regularities
(beyond common knowledge). Unfortunately, this is the difference between
econometrics (and economics in general) from natural sciences such as physics,
chemistry, biology, although many economists wanted to imitate these sciences. In
explaining this state of affairs, one can refer to various circumstances: to the
extraordinary complexity of economic phenomena; the variability of the
environment in which these phenomena occur; the impossibility of experimentation
(the study of the course of phenomena in artificially created conditions) to the extent
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that it is possible in the natural sciences; stochastic nature of economic (and more
broadly: social) phenomena. These circumstances may explain the difference in the
degree of development of the natural and social sciences, without violating the
principle of the unity of science. However, the reasons for this difference can be
found in the fundamental difference between the objects studied by both sciences.
There is nature, there is society, and thus ultimately man, who has certain features
that do not occur in inanimate nature and are incomparably less developed in plants
and animals: memory (including the memory of the effects of previous actions),
assessing (positively or negatively) the situation in which he finds himself, the ability
to formulate goals of action and select means to achieve goals. Due to such
circumstances, there is a thesis about the fundamental difference in tasks, cognitive
capabilities and methods of proceeding in the social sciences and in the natural
sciences’ (Czerwinski, 2002, pp. 443-444).

In light of the circumstances cited above, the question is to what extent can we
achieve the cognitive goal of the socio-economic sciences. We must be content with
the fact that our knowledge of socio-economic processes can only be a better or
worse approximation of the surrounding socio-economic reality. Therefore, we must
also formulate general criteria when to consider this approximation satisfactory.
Such criteria are based on probabilistic grounds. Therefore, the most general method
of cognition is the approximation method, because our cognition is always
a simplification of the examined reality. The approximation of reality consists in
simplifying it in such a way as to preserve all its essential features. It should be noted
here that in its most general sense, it is a philosophical concept, because we cannot
fully know the reality around us and only approximate it.

The concept of approximation is commonly known as a mathematical term.
It means replacing ‘true’ function f(x) by a simpler function F(x), defined in the same
area, whose values depend on a certain number of parameters. An approximated
function, also called an approximate, is replaced by a function called an
approximant. The approximant brings us closer to an unknown primary function.
Approximation is used in situations where we do not know or there is no analytical
form of the approximate which would allow us to determine the value for any of its
arguments; at the same time, the values of this unknown function are known for
a certain set of its arguments. The approximation of an approximate by a selected
approximant is always associated with the risk of approximation errors. The
estimated magnitude of these errors is the criterion for choosing the best
approximation method. If the set on which we measure the approximation error is
discrete, then we speak of point approximation; however, if a set is specified on
a range of real numbers, then we speak of integral approximation.
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Generalised polynomials are most often used as approximant functions, which
constitute the base function F(x), otherwise called the approximation base. If these
are additive linear functions, then this type of approximation is called linear
approximation. Numerical methods, as a branch of applied mathematics, offer many
ways of approximating an unknown or undefined approximate using appropriate
computational techniques, formulated as approximation algorithms. These include,
for example, rational approximation, which is the quotient of two generalised
polynomials sharing the same analytical form. These polynomials, however, differ in
terms of their parameter values. The interpolating function takes the same values as
the original function at the interpolation nodes.

This leads us to another type of approximation, i.e. interpolation, which consists
in finding an interpolation function which takes the same values as the original
function in the interpolation nodes and determines the approximate values of this
function at points that are not nodes. Here, the simplest approach is to use
polynomials as the base function. In practice, the Lagrange interpolation formulas,
the Newtonian interpolation formulas or splined functions are most commonly
used. A spline is an actual smooth function for which a family of subintervals exist in
the domain of that function, such that the function is a polynomial on each of these
intervals. In practice, splined functions of the third degree are often used (Fortuna
etal., 1993).

An important approximation method is the mean-square approximation. It is
used when approximated function f(x) is known only on the discrete set of its n
arguments. We assume that @;(x), j = 1, ..., m is a system of basic functions. Then we
look for a function ¢(x) that approximates the given real function and provides its
smoothing, with a mean-squared error given by the following general formula:

R= o) = fGP 0
i=1

i

Thus, we are looking for a function ¢(x) that minimises the value of the error
above. This leads to a known system of normal equations after substituting the
values of the nodal points x; (i = 1, ..., n). If we take polynomials as the base
functions, then we obtain a polynomial approximation. However, as the degree of
the polynomial increases, the calculations become increasingly more laborious, while
the results obtained more uncertain. These difficulties can be eliminated by using
orthogonal polynomials in the approximation process (Fortuna et al., 1993).

In the process of approximation, a situation tends to occur that the real function
flx) is a periodic function. Such a function must be approximated by trigonometric
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polynomials and this type of approximation is called trigonometric approximation.
If f(x) is a continuous function with a period of 2w, the trigonometric polynomial
takes the following form:

n
a
Q, = ?0 + Z(ak cos kx + by, sin kx), (2)
k=1

where ay, by are the trigonometric Fourier coefficients of function f(x) with respect to
the orthogonal system of base functions (Fortuna et al., 1993).

Deterministic approximation methods are an important segment of numerical
methods, widely used in practice. Their mathematical formalisation, detailed
description and computational algorithms can be found e.g. in Kordecki and Selwat
(2020). Approximation methods are also used to design deterministic self-learning
systems (Wawrzynski, 2021).

4, Stochastic approximation as a cognitive method for studying
reality

In the classical approach to approximation, the considered variables are not random
variables. The actual approximated function is not known, but only its values in
a finite number of points, usually called nodal points. However, if the considered
variable is treated as a random variable, then its approximation is called stochastic
approximation. A random variable is a function that assigns numbers to elementary
events, i.e. a function that allows for a mapping that transfers probability studies
from an inconvenient probabilistic space to a well-known Euclidean space. In
stochastic approximation, the approximation error is also random.

The concept of stochastic approximation was introduced in the early 1950s by
American mathematicians, Herbert Robins and Sutton Monro (Robins & Monro,
1951). They presented an iterative method for finding the root of an unknown real
function in cases where for each established value of an argument it is possible to
obtain an estimate of the value of this function, but with a random error of a zero
expected value. Inspired by this publication, American statisticians, Jack Kiefer and
Jacob Wolfowitz (Kiefer & Wolfowitz, 1952), proposed an iterative method that
would stochastically estimate the local maximum of a certain real function. Thus, two
basic problems of stochastic approximation were formulated in the cited scientific
articles along with a proposal of methods of solving them. Both the problems and the
methods for their solving have been generalised to the multidimensional case, i.e. for
finding the root of a function defined in k-dimensional Euclidean space and for
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searching for the local extrema of the real function of k-variables (Koronacki, 1989);
these are known as RM (Robins-Monro) and KW (Kiefer-Wolfowitz) algorithms.

The stochastic approximation problems formulated above are the stochastic
equivalents of deterministic problems involving the solution of systems of non-
linear equations and optimisation in finite-dimensional spaces. However, what
connects stochastic approximation with deterministic approximation is their
iterative nature based on the successive approximations method. The RM and KW
methods have gained great popularity, forming the theoretical basis for many
stochastic approximation algorithms. Their formalisations and areas of application
are comprehensively presented in a book by Koronacki (1989).

Soon after the idea of stochastic approximation in the field of regression research
appeared in the world literature, it was transferred to Polish literature thanks to an
important and yet somewhat forgotten book by Professor Zdzistaw Hellwig, titled
Stochastic Approximation (Hellwig, 1965). In the introduction to this work, the
author writes that the subject of his interests is ‘statistical and mathematical methods
of research that can be applied in economics’. He continues stating that his paper
focuses on ‘multivariate random variables with particular emphasis on some aspects
of the correlation and regression theory, especially important in economic
applications. Some theoretical and practical shortcomings of the traditional way of
studying and describing the relationship between statistical quantities prompted the
author to attempt to frame the ‘outline of the theory of stochastic approximation’
presented in this paper. The main idea of the paper is the thesis that the regression
function is nothing more than an approximation function, so in the theory of
regression and correlation, the basic theorems and some calculation methods
provided by the theory of approximation can be used” (Hellwig, 1965, p. 7).

In this work, the basic issue of approximation was formulated for the first time in
Polish literature. Suppose we have two continuous variables X and Y, which are
known to have some functional dependence, i.e.:

y=y(x) 3)
where ¥ (x) is an element of space C of continuous functions. The y(x) function is

an approximate and it is unknown. In order to guess its form, an experiment is
carried out through which #n observations of the following type are obtained:

(x1, y1), (2, ¥2)s woo (K> ). (4)

They are called experimental points or random points, because it is assumed that
varjables X and Y are random variables. Having experimental points, one should
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guess the form of function y(x) or at least find such an h(x) function that could
slightly differ from y(x) in a certain interval [a, b]. The h(x) function is called the
approximant. For the first time in the Polish literature, the quoted book provided
a mathematical formalisation of the basic problem of approximation and the
formalisation of the idea of stochastic approximation in the regression range. Let us
assume that function y(x) is continuous and differentiable over the entire interval
[a, b]. Let us then consider a set of Hy functions h(x, ai, ay, ... ax), where ay, as, ... a,
are parameters that can assume a value of zero in certain cases. If function h(x) € Hy,
then at each point of interval [g, b], the following relation occurs:

[W(x) = h()] <A, (5)

where A is a positive real number.

This approach to the basic issue of approximation (commonly referred to as the

mathematical approach to approximation) disregards the debate as to which of the
two competing functions, hi(x) or ha(x) better approximates function y(x). They are
both considered approximants and indistinguishable from the point of view of the
approximation criterion (5).
The mathematical formalisation of the regression problem in terms of stochastic
approximation is as follows: the starting point is a certain sequence of numbers
given by formula (4), which are observations of a two-dimensional random variable
(X,Y). Let a, b be two numbers, so chosen such that:

T b
J f f(x,y)dydx>1—- a, (6)
a
where « is a predetermined, small number in the interval [0,1].

Let Ry denote a set of functions y (x, &, , &2 ..., ax) such that for a sufficiently large
positive number A, the following relation is satisfied:

PLY = p(ol <Al=[7 [ f Goy) dydx>1- a. 7)

Set Ry consists of approximated functions or regression. And the functions
belonging to this set are approximates or regression functions in the population.
Number A is called the tolerance or acceptable approximation error, while number
1 — a is called the likelihood of the approximation.
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On the other hand, if Hy denotes a set of functions h(x) with a number of
parameters equal to k, such that h(x) € Hy, then and only then the number of m
points (x; i), chosen from sequence (4) and satisfying the relation:

lyi —h(x)| <A (8)

makes up for inequality:

>1-— a, )

213

where 7 is assumed to be large enough.

Set Hi is called the set of approximants, and functions h(x) € Hy are called
regression functions in the sample. Relation (9) implements that values y; can differ
only randomly from their approximated values / (x;). Formula (7) can be expressed
more conveniently in a slightly different form:

Ply(x) — A<Y< y(x)+ Al=21—a. (10)

This formula resembles the well-known expression for confidence intervals.
Inequality

Yx)— A<Y< P(x)+ A;x € [a,b] (11)

represents a certain area bounded by the lines ¢ (x) + A and x = g; x = b. This area
has the property that the probability of a random event consisting in the fact that
a random point (x,y) falling outside it is less than «. This area is called the tolerance
area, and its complement is the confidential area. The presented issue of stochastic
approximation is not about determining the tolerance area itself, but about relating
it to the concept of regression. In approximate terms, ‘regression’ does not mean
a single approximation function, but a whole family of such functions.
The tolerance of an approximation can be a function of x. Then:

Plvy(x) <Y< v,(x)]=1— a;x€[a,b], (12)
where:

vi(x) = P&) — Ax); va(x) = ¥ (x) — AQ). (13)
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This means that the tolerance range can be different for different x. Relation (12)
can be assigned an even more general form if the following condition is imposed on
functions vi(x) and v»(x):

V1 (x) <2 (%). (14)

Then the normal space Q bounded by curves v;(x) and v,(x) is called the
tolerance area if:

P[(XY)€EQ]=21-a. (15)

Complementing the tolerance area is of critical importance.

To sum up, Hellwig (1965, p. 34) notes that an approach to the basic issue of
approximation, where the search for the h(x) function as the best approximant of
y(x) is abandoned, and the concept of the Hi set with indistinguishable elements,
each of which can play the role of an approximant, is generally and theoretically
correct because:

1. Each given function y(x) corresponds to an infinite H set of functions h(x), if the
number of k parameters occurring in these functions can be arbitrarily large.
2. In the H; set there is always an ho(x) function such that for any sequence (4),

miax ly; — ho(x;)) 1=0. (16)

It is enough to assume that hy (x) is a polynomial of degree n - 1, because for
every sequence (4), it is possible to draw a polynomial of degree at most n — 1, which
takes the values of yi, y, .. y. at points xi, x5, .. x.. However, n must be
predetermined and cannot depend on the length of the experimental data series.

3. If n could be determined in advance, then one can look for such an ho(x) function
in set Hy, which would meet the following condition:

max 1y; — ho(x) | = inf max ly;— ho(x) kh()€H.  (17)

Nevertheless, for computational reasons, the number of k parameters of function
h(x) € Hy should be significantly lower than the number of data n. However, there
are no objective criteria for determining the number k, so we are forced to choose it
arbitrarily.

All methods of solving the basic problem of approximation are accompanied by
various forms of arbitrariness; therefore, all these methods should be considered
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equivalent (Hellwig, 1965, p. 35). In this situation, the statistical interpretation of the
stochastic approximation is as follows: we are looking for a family Ry of such k-parameter
functions ¥ (x), which would satisfy the relation:

PIIY-Y )| <Al=21-«a (18)

for the predetermined number « and A.

The general formalisation of the basic issue of approximation and the
formalisation of stochastic approximation in a regression approach indicate that
statistical regression is one of the forms of the approximation of real relations
occurring in socio-economic processes. When approximating this reality, it is
necessary to determine the tolerance that we accept, i.e. the acceptable discrepancy
between the actual relationship between the explanatory variables we define and the
variable we explain and its chosen approximant, in statistics called the permissible
(average) error of estimation.

The above-mentioned general formulation of regression in the approximation
approach, defining the confidence of approximation 1 — « suggests that in regression
studies, the methods of interval estimation should be used rather than point
estimation, because in statistics, the degree of credibility is defined as the confidence
factor.

Consequently, the approximation approach to regression indicates that the
approximation function chosen on the basis of the sample is only one of many
possible regression functions belonging to the set of approximants. What is more,
the individual functions belonging to this set are indistinguishable in terms of the
accepted level of tolerance. Thus, in econometric modelling, it is unjustified to label
a given model ‘the winner’ simply because other models fall within an acceptable
tolerance range. The approximation theory, followed by statistics, provides many
forms of analytic functions for use as approximation models. As previously
indicated, generalised polynomials, trigonometric polynomials or splines are the
most commonly assumed. However, it should be noted that these models require the
number of parameters to be determined, at least initially. The approximation
approach to regression is thus formalised mainly in terms of parametric statistics.

Currently, computer science provides tools based on artificial intelligence in the
form of machine learning, which is the equivalent of the deterministic approach to
approximation. It is utilised by numerical and statistical learning methods,
equivalent to stochastic approximation. Learning methods thus extend the range of
statistical methods to both parametric and non-parametric approaches.
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5. Non-linearity of socio-economic processes

Economists and statisticians have long observed that socio-economic processes do

not evolve in a continuous or linear way, but are shaped by sudden changes in the

economic and political situation, entailing disruptions that lead to changes in
developmental directions. This is caused not only by macroeconomic factors, but
also by people’s decisions and emotional behaviours which are not always rational.

When analysing such processes, one cannot rely only on simple, linear models, but

their complexity, dynamics and unpredictability need to be taken into account.

The non-linearity of socio-economic processes is caused by many factors. These
include:

e The concurrence and interdependencies between different spheres of socio-
economic life, politics and culture, which create dynamic and often unpredictable
mechanisms of social behaviour;

e The presence of feedback effects between these spheres. The actions of one
element of the system can affect others, which in turn affects the first element in
a way that strengthens or weakens its influence;

e The risk of unpredictable, sudden changes occurring in the conditions of these
processes, which is symbolised by the concept of a ‘black swan’. Sudden shifts
such as financial crises, technological revolutions or pandemics can radically
change the course of socio-economic processes in unexpected ways;

e The possibility of the ‘butterfly effect: minor initial deviations can lead to
significant, divergent effects in the long term;

e The stochastic nature of socio-economic processes. These processes are usually
not deterministic in nature. Human decisions, free will and cultural factors play
a key role here, introducing an element of unpredictability.

The literature on the non-linearity of the course of socio-economic processes
is very extensive. The beginnings of non-linear thinking in economics can be traced
back to Adam Smith’s theory, which assumes that growth has its limits caused
by decreasing rates of return on investments. Formalised non-linear models
of macroeconomic phenomena emerged with the works of several eminent
20th-century economists. These concerned the non-linear growth model presented
by Nicholas Kaldor as the Kaldor-Hicks efficiency model, Richard Goodwin’s
macroeconomic model of economic growth and business cycles, and the classic
non-linear relationship between basic macroeconomic processes, as the Phillips
curve (Orzeszko, 2016). Significant examples of the use of non-linear functions in
microeconomic research are the Cobb-Douglas production function and the
Tornquist consumption functions introduced into the economic literature in as early
as the 1920s.
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The non-linear nature of socio-economic processes has long been recognised in
statistical and econometric research and has led to the successive introduction of
non-linear macroeconomic models. It particularly concerns the study of the non-
linearity of economic growth and, more broadly, socio-economic development.
A current review of this type of work is included in Orlando et al. (2021). Specialist
journals are also devoted to the study of non-linearity, an example of which is the Journal
of Nonlinear Sciences and Applications. It publishes scientific articles on non-
linear mathematical methods and their applications, mainly in the field of natural
sciences. A current overview of the methods and their applications in the study of non-
linear dynamics of economic processes can be found in Gardini et al. (2021).

The non-linearity of processes is revealed in time series analysis based on
stochastic models. One of the monumental figures in this area of statistical research,
along with G.E.P. Box and G.M. Jenkins, is C.W.]. Granger, winner of the 2003
Alfred Nobel Prize in Economics. He is the author of the statement that the world is
almost certainly non-linear (Granger, 1989) and the author of the definition of
causality (known as the Granger causality). It states that X causes Y if and only if
including explanatory variable X in the model predicting explanatory variable Y
increases the accuracy of the prediction. He is also the author of the concept of
cointegration introduced in dynamic econometrics, initially in a linear version
(Granger, 1981), and ten years later in a non-linear version (Granger & Hallman,
1991). Several generalisations of the concept of cointegration to cases of non-linear
relationships have been proposed in the econometric literature based on Granger’s
proposal. The book by Fan & Yao (2005) still remains a fundamental work in the
field of non-linear time series. One of the most recent monographs in this field is
a work by Maitra (2025). This book is a comprehensive and accessible guide allowing
for the understanding of advanced econometric methods and their use to analyse
real data in the form of economic and financial time series, skilfully combining
theory with practice. The work presents data filtering techniques, highlighting the
role of the Kalman filter in improving model accuracy. Volatility modelling is also
discussed, addressing common challenges in measuring and interpreting the
variance of financial data. Moreover, hybrid approaches combining GARCH models
with neural networks and dynamic volatility models for option pricing are
presented, describing both the theoretical foundations and providing practical tools
for their application. Finally, mode-switching models, including MSAR and STAR
are discussed to show the non-linear behaviours and structural shifts of data in time
series. The monograph presents a coherent framework for modelling the dynamic
behaviour of financial time series, with a particular emphasis on volatility and
structural change. It may be particularly useful for finance professionals and data
scientists.
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Many works on non-linearity have also been published in Polish. A monograph
on non-linear processes and long-term relationships in economics by Bruzda (2007)
is one of the most comprehensive studies in this field. Its scope includes the
identification of stationary non-linear processes and verification of long-term
relationships based on the Granger and Hallman method, and a parametric
estimation and verification of non-linear long-term relationships. Moreover, it
explores non-linear error correction models, threshold cointegration and it provides
many examples of applications of non-linear cointegration analysis. Another
extensive work devoted to the identification of non-linearities in financial and
economic time series is Orzeszko (2016).

This section outlines issues related to the non-linearity of economic processes,
particularly focusing on their financial aspects. It shows how economics and
financial econometrics developed from non-linear models describing the
functioning of economic systems, formulated around the middle of the 20th century
by such eminent economists as N. Kaldor, J. Hicks, W. Leontief, R. Goodwin,
P. Samuelson, to the latest achievements of non-linear financial econometrics. The
published results of both theoretical and empirical research indicate enormous
progress in this area of economics. Nonetheless, linear approximation of these
processes still prevails. It is thus time to acknowledge that socio-economic processes
are inherently non-linear and their linearity is either a special case of non-linearity
or their oversimplification. A challenge faced by statistics is to improve the tools for
detecting and describing the non-linearity of the studied processes.

6. Non-parametric modelling

Non-parametric modelling is a method that does not assume a specific analytical
form for the population distribution. Instead, it relies on the shape of the data
distribution in a sample or a training set, which allows the structure of the model to
be determined based on the data. It is a more flexible method than parametric
modelling, which requires a defined analytical form of the approximated function
and a fixed number of parameters. Non-parametric modelling is an important
segment of statistical methods. It is especially useful when the data do not follow
a normal distribution or when it is unknown, and when the studied features are
measured on weak, ordinal or nominal scales. Common applications of the non-
parametric approach include the Mann-Whitney U test, the Kruskal-Wallis test or
the chi-square test, which serve as an alternative to parametric tests.

The above-mentioned problems indicate that their statistical description and
modelling in a parametric form is computationally complex and requires the
adoption of many restrictive assumptions. An alternative is the non-parametric
approach. The non-parametric regression model is the most widely used type. With
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the help of non-parametric regression, the relationship between the considered
variables may be analysed without a predetermined analytical form of the regression
function. The non-parametric regression model derives directly from the data.
Estimating a non-parametric regression function involves selecting a function of
a specific class that is flexible enough to fit well to the data set. For this reason, non-
parametric regression models require a much larger number of observations than
their parametric counterparts. We approximate not only the values of their
parameters, but also the nature of the relationships between the considered variables.
Thus, as the dimensionality of the model increases, the number of observations
necessary for a reliable estimation of the non-parametric regression function
increases exponentially. This phenomenon, described as the curse of dimensionality,
may be circumvented through semiparametric modelling (Pagan & Ullah, 2009) or
the multimodelling approach (Gatnar, 2008).

Non-parametric regression methods are implemented within the statistical
learning framework. In the general understanding of statistical learning, we consider
variable Y (response variable), also understood as the explanatory (dependent)
variable, and k of the explanatory variables (predictors) Xi, Xa,..., Xx. We assume that
between Y and X = (X, X,..., X) there is a certain relationship, which can generally
be described as:

Y=f(X)+§ (19)

where fis an unknown function that binds Y to X and & is a random component. The
essence of statistical learning is to guess the actual function f by means of function h.
It is one of the hypotheses concerning this unknown function f, which belongs to
the hypothesis space H where fis located (Hastie et al., 2009).

There are two main reasons why we try to guess function f. The first one is of
a practical nature and involves the prediction of Y based on the knowledge of X.
The second one is of a cognitive nature and involves the inference of Y based on X.
The task of prediction arises when a set of predictors X is available, but the
corresponding values of response variable Y are not known. We then make
a prediction of Y using the equation:

Y= /X, (20)

where £ is one of the functions within the hypothetical space H. In this context, f is
treated as a black box, where uncovering a specific character f is not the main
objective, but rather achieving an as accurate as possible prediction of Y.

The main idea of statistical learning is to know the actual function f. We estimate
it on the basis of a dataset, called a training dataset, which contains information
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about input and output data (x; y,). In other words, we are looking for a function f,
for which Y = f(X) for any pair of observations from the (X,Y) set. For this purpose,
we can use a parametric or non-parametric approach. Non-parametric statistical
learning methods do not make clear assumptions about the analytical form of the
functions concerning f. Instead, they seek a form of function f that fits the data from
the training set as best as possible. The non-parametric approach may have a great
advantage over the parametric approach. because by avoiding the adoption of
a specific analytical form of function f, it can fit the empirical data more accurately.
However, the non-parametric approach has the disadvantage that it does not reduce
the number of the estimated parameters to only the relevant ones; thus, it requires
a much larger teaching set (James et al., 2013).

Selecting the best f function that belongs to hypothetical space H should be based
on a specific criterion of the matching quality of function f with the actual function
f. From among the many methods of measuring the effectiveness of statistical
learning at a specific f, the mean squared estimation error (MSE) is the most
commonly used:

1% R
MSE = ;Z i — F)?, (21)

where:
£ (x;) is the prediction of the actual f for the i-th observation.

If the estimation error is calculated for the data from the training set, then it is
a measure of the goodness of fit for function f to empirical data y;.

One of the simplest and most well-known non-parametric methods is the k-nearest
neighbours method, which can be used for both classification and regression purposes.
The k-nearest neighbours (KNN) regression for the k-considered number nearest
neighbours and for the xo from the test set, first identifies k observations from the
training set, the nearest xo, denoted by 1o, and then it estimates f (x,) using the average
of all the values of y; from the training set, belonging to #,, i.e.:

. 1
flxo) =+ Z Vi (22)

where:
f(xo)is the k-nearest neighbour estimator of the non-parametric regression
function.

More precise non-parametric regression methods allow modelling non-linear
relationships between data by using kernel estimators to transform data in empirical
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distribution classes. A kernel density estimator is designed to determine the
distribution density of a random variable based on the obtained sample or training
set. It is given by the formula:

. 1%
fet) = =" Kalt), (23)
i=1

where:

n - the sample size,

K, - function of the kernel at smoothing parameter h,
ti - standardised values of random variable X.

The Gaussian function is most often chosen as the kernel function; other
functions are: the Epanecznikov kernel, uniform kernel, two-weight kernel,
triangular kernel, radial kernel or product kernel. It is also possible to use a linear
combination of kernels (Kulczycki, 2005).

A specific class of models in the decision-making theory are decision trees, which
can also be used for regression or classification purposes. A regression tree is used to
show hierarchically the regression of a continuous explanatory variable relative to its
explanatory variables. On the other hand, if the explanatory variable is measured on
a nominal or ordinal scale, then a classification tree is employed. More precise
methods have been developed on the basis of decision trees such as bagging,
boosting methods or random forests. Each of them involves creating multiple trees
which are then combined to obtain a more precise prediction of the explanatory
variable.

Non-hierarchical methods can also be used to study non-parametric regression.
Among them, the Support Vectors Machines (SVM) method is widely used, both for
classification and regression purposes. In the case of regression, it is called a support
vector regression (SVR) (Vapnik, 2000). The key concept of SVR is the use of
support vectors, i.e. hyperplane observations in a multidimensional space. The
selection of the best hyperplane is based on the method of an adaptive enrichment of
the observation space and the search for a discriminatory hyperplane in such new
spaces. Vapnik’s idea is to solve an optimisation problem with a quadratic target
function and linear constraints (square-linear optimisation) in Hilbert space
(Koronacki & Cwik, 2005).

The most popular non-parametric models are neural networks. These are
computational models inspired by the functioning of the human brain, made up of
connected artificial neurons arranged in layers that process information and learn to
recognise patterns from data. The application of networks to solve regression
problems is common. The user of the neural model expects that the created network
will be able to describe the relationships between variables, while assuming that the
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explained variable is continuous. Proponents of neural networks as a tool for

conducting economic research point to their advantage over classical regression

models, discrimination models and classical trend models. However, whether

a neural network function provides the correct solution to the posed problem

depends on two basic factors:

o the values of the weight coefficients of the neurons that make up the network;

o the structure (topology) of the network, which is determined by the number of
layers, the number of neurons in the individual layers, the way neurons are
connected and the adopted model of the neuron (the aggregation of input data,
type of the activation function used) (Lula, 1999).

Many interesting books on non-parametric modelling have been published in
Polish. These include works by Bruzda (2007), Gatnar (2001) or a monograph
combining problems related to non-linearity with a non-parametric approach by
Orzeszko (2016). A representative example of many applications of non-parametric
regression methods in socio-economic research can be found in the article by
Trzesiok (2013).

The world literature on non-parametric methods is extensive. A seminal study
presenting the traditional approach to non-parametric methods is by Hollander et al.
(2014). A comprehensive overview of non-parametric and semi-parametric models
can be found in Hérdle et al. (2004). Non-parametric modelling is also the subject of
specialised scientific journals, among which the Journal of Nonparametric Statistics is
well-known. It focuses on non-parametric statistics and related areas, including
modelling, estimation, analysis and testing of statistical methods and algorithms.
Regression and classification methods based on decision trees are central to the
statistical learning paradigm. The basic monographs dedicated to these issues are by
Hastie et al. (2009) and James et al. (2013).

The rapidly developing statistical methods include new branches of machine
learning, such as deep learning and causal machine learning, which many recently
published monographs are devoted to. One of the most interesting works in the field
of deep learning is by Goodfellow et al. (2016), while in causal machine learning by
Cunningham (2021).

7. Conclusions

The conducted extensive literature review along with the author’s 50 years of

research experience in the field of statistical analyses of socio-economic processes

allow the formulation of the following remarks on the current challenges facing

statistics:

e Statistical methods are tools for learning the truth about the reality that surrounds
us. However, the truth discovered by statistical means must be understood in
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probabilistic terms. Thus, truth is a judgment, with an acceptable probability
(error), consistent with reality;

The surrounding reality is manifested through phenomena that are a source of
impressions. We can observe these phenomena with greater or lesser accuracy
and thus, only approximate the studied reality. Socio-economic processes are
stochastic in nature, so the most general statistical method of searching for the
truth about the reality is the stochastic approximation method;

Throughout the history of human thought, the initial philosophical position was
determinism, which assumed that all events in nature are predetermined.
However, Werner Heisenberg demonstrated that in a world of the smallest
material particles, causal conditioning does not exist, pointing to the ‘free will of
the electron’. The shift from physics to philosophy proved the existence of
indeterminism in nature. Thus, the deterministic approach, which was the
original philosophical position regarding the understanding of the world, has
been replaced by its indeterministic counterpart, which is the dominant modern
scientific view. In biology, the theory of evolution is based on indeterministic
behaviour. Social indeterminism is a philosophical and sociological view that
denies the existence of strict, necessary laws governing social phenomena. It is
based on the belief that events in society are not strictly determined by the
conditions that precede them, emphasising the role of chance, free will and other
factors in shaping human behaviour. Indeterminism in economics is based on the
assumption that economic events are not strictly determined by previous causes
and their course is influenced by many unpredictable factors, including the free
will to make decisions by market participants. This means that even under
identical initial conditions, different business results may be achieved;

The challenge for statisticians is to balance uncertainty and the related risk
measurement with the discovery of the course of past processes and forecasting
their course in the future. From a mathematical point of view, it involves
optimising the stochastic approximation of the studied socio-economic reality;
Learning about socio-economic processes can only be a better or worse way to get
closer to the socio-economic reality that surrounds us. Therefore, it is necessary to
formulate general criteria for this approximation to be satisfactory. Such criteria
are based on probabilistic foundations. Therefore, approximation remains the
most general method of the cognition of reality, as human cognition is inherently
its simplification;

Soon after the emergence of stochastic approximation in the field of regression
research in the world literature, it was introduced into the Polish academia by
Zdzistaw Hellwig in his book on stochastic approximation (Hellwig, 1965). The
author deals with multidimensional random variables, particularly some aspects
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of correlation and the regression theory, which are especially important in
economic applications. The main thesis is that the regression function is nothing
more than an approximation function; therefore, the basic theorems and some
computational methods provided by the theory of approximation can be used in
the theory of regression and correlation;

e The problem of stochastic approximation is expressed by the following relation:
PIlY — v(x)| < A] = 1 — a, where Y(x) is the approximant of an unknown
function combining the components of a two-dimensional variable (X,Y), A is the
tolerance or acceptable error of approximation, while 1- « is the credibility of the
approximation. Statistical regression is one of the forms of the approximation of
real relations occurring in socio-economic processes. When approximating this
reality, it is necessary to determine tolerance A for the discrepancy between the
actual relationship among the variables we define and its approximant we choose;

e The approximation approach to regression indicates that the approximation
function chosen on the basis of the sample is only one of many possible regression
functions belonging to the set of approximation functions. What is more, the
individual functions belonging to this set are indistinguishable in terms of the
accepted level of tolerance. In econometric modelling, stating that a given model
‘wins’ simply because others are within an acceptable tolerance range is
unjustified;

e Socio-economic processes do not develop in a continuous and linear manner, but
tend to be disrupted and shaped by sudden changes in the economic and political
situation. This is due not only to macroeconomic factors, but also to people's
decisions and emotional behaviours, which are not always rational. The analysis
of such processes cannot rely solely on simple, linear models, but their
complexity, dynamics and unpredictability need to be considered as well. The
linearity of the course of socio-economic processes is not a rule, but a special case
of their course;

e Process non-linearity is revealed in time series analysis through stochastic
modelling. According to Clive Granger, the world is almost certainly non-linear.
Despite significant advancements in financial economics and econometrics
associated with the modelling of non-linear socio-economic processes, improving
the tools for detecting and describing the non-linearity of the studied processes
remains a challenge for statisticians;

e Statistical description and parametric modelling of non-linear economic
processes are computationally complex and require several restrictive
assumptions. The non-parametric approach is a viable alternative; it does not
require the assumption of a specific analytical form of the distribution in the
population; instead, it relies on the shape of the data distribution in the sample or
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training set. It allows the structure of the model to be determined based on the

data. Non-parametric modelling is thus an important segment of statistical

methods, especially useful when the distribution of the data is non-normal or
unknown, and when the studied characteristics are measured on weak, ordinal or
nominal scales;

e Non-parametric methods, particularly non-parametric regression, represent
a significant step towards the development of multivariate statistical methods
based on artificial intelligence. Despite their increased flexibility, these methods
are not free from limitations that affect model adequacy and interpretability,
including their sensitivity to the quality of the data in the training sets.
Measurement errors, data gaps or outliers can significantly distort the results of
the model. The lack of restrictive assumptions can only be apparent, as they can
be transferred to a lower, ‘technical’ level. Moreover, as the complexity of
statistical learning models grows, problems with their substantive interpretation
intensify;

In conclusion, the author maintains that the rapid development of statistical
learning methods should be based on a philosophical foundation, containing axioms
concerning the stochastic, non-linear and non-parametric nature of socio-economic
processes, effectively modelled by stochastic approximation methods.
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Disposable income and acquisition costs as drivers
of CASCO insurance demand: an empirical analysis
of the Polish market

Norbert Duczkowski,> Adam Sliwinski®

Abstract. This paper explores the determinants of demand for voluntary comprehensive car
insurance (CASCO) in Poland. The study aims to identify the impact of acquisition costs and
household disposable income on insurance uptake. Utilizing a multilayer perceptron neural
network model, the research analyzes the relationship between motor insurance expenditures
and two key variables: the disposable income of households and the acquisition costs ratio
between voluntary CASCO and Mandatory Third-Party Liability insurance. The findings,
validated by robust diagnostic tests, a linear ordinary least squares model as a benchmark and
a leave-one-out cross-validation procedure, reveal that both factors are statistically significant
predictors of demand. The results indicate that the expansion of the CASCO market in Poland is
driven not only by rising consumer affluence but also by the commission ratio, which motivates
intermediaries to prioritize voluntary products. This suggests a supply push mechanism where
distribution costs shape market dynamics.

Keywords: motor insurance, CASCO, disposable income, acquisition costs, neural networks

JEL: G22,D12,C45,L14

1. Introduction

The motor insurance market represents a cornerstone of the non-life insurance sector
in Poland, as gross written premiums (GWP) from motor insurance exceed 50% of the
total gross written premiums within the non-life segment (Bankowy Fundusz
Gwarancyjny [BFG], 2025). Its key components include Mandatory Third-Party
Liability (MTPL) insurance and voluntary comprehensive car insurance (CASCO).
While MTPL is legally required for all vehicle owners, the decision to purchase
CASCO coverage remains discretionary, driven by a complex interplay of economic,
psychological, and institutional factors (Dragos et al., 2023; Feyen et al., 2013).
Understanding the drivers of CASCO uptake is crucial for insurers seeking to optimize
their portfolios and for policymakers monitoring the financial resilience of

households.
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Despite the growing maturity of the Polish insurance market, a significant
disparity remains in the saturation levels (in terms of the number of policies)
between mandatory and voluntary coverages. The classical economic theory suggests
that the demand for insurance is primarily a function of risk aversion and income
(Dabrowski & Sliwinski, 2016; Sliwinski, 2019). However, within the specific context
of the Polish market, two factors emerge as potentially decisive, namely the financial
capacity of households and acquisition costs, which translate into incentive
structures within distribution channels.

The first factor, disposable income, reflects the household’s budget constraints.
CASCO consumption is expected to be highly sensitive to fluctuations in disposable
income, as this factor significantly shapes demand across both life and non-life
insurance sectors (Dragos & Dragos, 2017; Duczkowski, 2022; Sliwinski, 2011;
Sliwiniski, 2016). The second, and perhaps more nuanced factor, relates to
acquisition costs. In Poland, as in Western Europe, the distribution of motor
insurance is heavily reliant on intermediaries (Lisowski & Zieniewicz, 2015). The
remuneration of insurance agents, specifically the commission ratio of CASCO over
MTPL, creates a relative incentive that may drive supply-side push effects. It could
be assumed that when the financial reward for selling a CASCO policy significantly
exceeds that of a mandatory one, intermediary behavior may become an important
driver of market penetration.

While the existing literature often focuses on many variables from different
groups (Dragos & Dragos, 2017; Dragos et al., 2023; Kumaga, 2016; Sherden, 1984),
there is a lack of empirical research that accounts for both the consumer’s ability to
pay and the intermediary’s incentive to sell. This paper aims to fill this gap by
analyzing the role of disposable income and the acquisition cost ratio in shaping the
demand for CASCO insurance. Using a neural network model, we demonstrate that
both variables are statistically significant, providing new insights into the
mechanisms of the Polish insurance market. The statistical analysis was also
supported by the use of a linear ordinary least squares (OLS) model as a benchmark
and the leave-one-out cross-validation (LOOCV) procedure.

2. The Polish motor insurance market

The motor insurance sector is the undisputed leader of the Polish non-life insurance
market, as defined by Section II of the Act on Insurance and Reinsurance Activity
(Pol. Ustawa z dnia 11 wrze$nia 2015 r. o dzialalnosci ubezpieczeniowe;
i reasekuracyjnej). It consists of two primary segments: MTPL and CASCO. For this
study, the CASCO segment is broadly defined and includes all motor insurance
products other than MTPL, such as roadside assistance or tire insurance. The
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evolution of the motor insurance sector is deeply rooted in the rapid motorization of
Polish society. By the end of 2023, the number of registered motor vehicles
(passenger cars, goods vehicles and motorcycles) exceeded 32.9 million (BFG, 2025),
providing a vast base for insurance penetration.

Motor insurance accounts for a dominant share of the total non-life insurance
portfolio in Poland. As of Q3 2024, it represented 51.0% of the GWP from direct
business (BFG, 2025) in a market characterized by the dominance of the Polish
insurance company, PZU Group (Duczkowski, 2021a). However, the internal
structure of this segment has undergone a significant transformation. While the
share of MTPL in the total property insurance market decreased from 39.2% in 2017
to 28.46% in Q3 2024, the role of CASCO insurance steadily increased. CASCO
accounted for 22.5% of the market in 2025 (BFG, 2025), reflecting a shift toward
higher value protection products. This trend suggests that as the market matures,
consumers are increasingly seeking protection beyond the minimum legal
requirements. The market shares of motor insurance as a whole as well as the MTPL
and CASCO segments within the non-life insurance sector are presented in Figure 1.

The Polish motor insurance market is characterized by ongoing development and
increasing maturity. In the period between 2018 and Q3 2024, a consistent increase
in the number of active insurance policies was observed. The MTPL portfolio grew
by 14.5%, reaching 28.6 million policies (BFG, 2025), while the CASCO portfolio
saw an even more dynamic increase of 15.5%, totaling 7.7 million policies (BFG,
2025). It is worth noting, however, that the number of CASCO policies is subject to
certain fluctuations, having reached its peak in 2021 with the total count
approaching 8.1 million units.

From a pricing perspective, the average MTPL premium has shown high
volatility. After a period of aggressive price competition (insurance price fluctuations
were characterized by a stable distribution (Duczkowski, 2021b) and declining rates
(reaching a low point of PLN 500 in 2016), the market saw a reversal of the trend. By
Q3 2024, the average MTPL premium rose to PLN 603 (BFG, 2025). Despite these
nominal increases, motor insurance became more affordable in relative terms. The
ratio of the average MTPL premium to the average national wage dropped
significantly from 14.3% in 2017 to just 7.4% in 2024 (BFG, 2025). This increasing
affordability, combined with growing disposable income, created a favorable
environment for the cross-selling of CASCO policies.
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Figure 1. Motor MTPL and CASCO share (in %) in the non-life insurance sector in Poland
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Source: authors’ work based on BFG (2025).

The analysis of the Polish motor insurance market must also consider the fact that
the market is faced with mounting pressure from growing claim costs. The average
payout for MTPL claims rose from PLN 6,865 in 2016 to PLN 10,533 in Q3 2024
(BFG, 2025). This increase was driven by rising spare parts prices, labor costs in
repair shops and growing compensations for non-material damages. Interestingly,
while the claim frequency for MTPL remained stable (between 3.1% and 4.5%), the
CASCO segment recorded a much higher frequency, reaching 10.9% in 2024 (BFG,
2025).

The number of paid claims have a profound impact on the financial performance
of insurance companies. The profitability of these two segments diverges sharply.
The combined ratio (the ratio of claims paid and costs incurred to gross earned
premium) for MTPL frequently exceeded the 100% threshold (reaching 108.8%
in Q3 2024), indicating that insurers were generating technical losses on mandatory
policies (BFG, 2025). In contrast, the CASCO segment remained the primary driver
of technical profit for motor insurers, with a healthy combined ratio of 94.3% (BFG,
2025).

The divergence in technical results is closely linked to the distribution strategies
employed by insurers. The analysis of operating expenses proves that acquisition
costs, primarily consisting of intermediary commissions have a different structure
for mandatory and voluntary products. According to the Polish Bank Guarantee
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Fund (BFG, 2025) and the Polish Financial Supervision Authority (Pol. Komisja
Nadzoru Finansowego — KNF) data from 2024, the Acquisition Cost Ratio (the ratio
of acquisition costs to gross written premiums) for CASCO (20.9%) was significantly
higher than for MTPL (17.1%). This commission spread or surplus is a deliberate
market mechanism. Since MTPL is a mandatory product with high price sensitivity,
insurers keep commissions lower to remain competitive. Conversely, CASCO is
a higher-margin, voluntary product that requires a proactive selling strategy (‘push’)
from insurance agents. Higher commissions for CASCO serve as a vital economic
incentive for intermediaries to bundle voluntary coverage with the mandatory
policy, leveraging their influence over the consumer’s final decision. The acquisition
cost ratios for MTPL, CASCO and the acquisition cost differential (Diff) between
these insurance types, along with the ratio of CASCO acquisition costs to MTPL
(ComRatio) are presented in Figure 2.

Figure 2. Acquisition costs for MTPL and CASCO, the acquisition cost differential (Diff) between
them and the ratio of CASCO acquisition costs to MTPL (ComRatio)

25 3.0
[=] o (=]
) o = i ° 2 o i
- o 3 [=] 3] : o o
. s s 2 % e 88 8.8 8 % &,
20 & 2 , 2 ¢ 2 a8 =
% @ b 3 °
- ‘y: - ‘,: ~
g 20
= =1
245 § g
1} ] )
7] - -
8 g
5 [1.39] 7. 15 2
S ]
% 118 (EZI
5 10 B - ]
o 3
< 10§
5
o 30 o
0 0.0
2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024
Q3
mmMTPL (main axis) =mCASCO (main axis) — Diff (main axis) ---ComRatio (secondary axis)

Source: authors’ work based on BFG (2025).

The observations presented above concerning the Polish motor insurance market,
which serves as the primary motivation for this research, lead to the conclusion that
the Polish motor insurance market is undergoing a significant structural
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transformation from a volume-driven expansion phase to a more sophisticated,
value-driven strategic model. This shift is primarily catalyzed by the persistent
technical losses recorded in the MTPL sector, which have reached a point where
insurers are forced to aggressively seek sustainable profitability within the CASCO
segment. Such a transition is underpinned by long-term macroeconomic stability
and the consistently rising disposable income of Polish households, allowing
consumers to pivot toward more comprehensive vehicle protection. However, as the
empirical data suggest, the growth of the CASCO market is not merely a passive
reflection of organic consumer demand. Instead, it is heavily facilitated and steered
by the distribution network’s complex incentive structure. Within this framework,
a significant surplus of acquisition costs, specifically higher commission rates offered
for voluntary products compared to mandatory ones, play a pivotal role. This
commission gap effectively aligns the interests of insurance intermediaries with
insurers’ profitability goals, making the incentive-driven sales force a primary engine
of market penetration (the number of CASCO policies increased by 15.5%, from
6,678,580 in 2018 to 7,711,817 in 2024) and one of the key determinants of the
current portfolio mix in the Polish non-life insurance sector.

3. Factors determining the demand for motor insurance
- literature review

The motor insurance market is the largest line of business within the non-life
insurance sector, not only in Poland but also across Europe (BFG, 2025).
Understanding the factors that drive the demand for these products is essential for
insurers to optimize their distribution strategies and for policymakers to ensure
market stability. It is therefore not surprising that demand for motor insurance, both
compulsory MTPL and voluntary CASCO, has been the subject of numerous
scientific studies, where researchers analyzed a large number of variables (Dragos
& Dragos, 2017; Dragos et al., 2023; Kumaga, 2016; Sherden, 1984). Table 1
summarizes the primary determinants identified in the literature, categorizing them
by their nature and the selected supporting research.
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Table 1. Selected research papers on the factors dominating the demand for motor insurance
(non-life insurance)?

Category Selected determinants Supporting research / source

Vehicle age / year of manufacture | Awunyo-Vitor (2012); Hsu et al. (2014); Kumaga

Vehicle specific (2016)
Size of car fleet / vehicle value Awunyo-Vitor (2012); Dragos et al. (2023)
GDP per capita / household Awunyo-Vitor (2012); Beenstock et al. (1988); Park
income and Lemaire (2012)
!Economlc and Ratio of income to car value Dragos and Dragos (2017)
income
Premium affordability and price Harrington and Niehaus (1998); Kumaga (2016);
sensitivity Sherden (1984)
Agent / broker commissions Cummins and Doherty (2006); Inteliace Research
Distribution and | (@cquisition costs) (2014); Szymanska (2020); Wilder (2004)
costs Remuneration models Lisowski and Zieniewicz (2015); Reifner et al. (2013);
Widura (2009); Ziemiak (2019)
Education level of the insured (risk | Park and Lemaire (2012)
awareness)
Demographic Urbanization and population Dragos et al. (2023); Esho et al. (2004); Sherden
density (1984)
Age and gender of the insured Awunyo-Vitor (2012)
. Risk aversion / risk profile Dragos and Dragos (2017); Kawinski and Szumlicz
Psychological
(2023)
Rule of law and institutional Dragos et al. (2023); Esho et al. (2004); Ziemiak
Institutional quality (2019)

Compulsory insurance regulations | Chen and Chen (2013); Marson and Ferris (2023)

Source: authors’ work.

In this research, the primary focus is on disposable income and the acquisition
costs ratio as the most significant drivers of insurance demand. Therefore, a closer
examination of these two groups of studies is presented below.

Income level, particularly disposable income, is a factor that significantly shapes
demand across both life and non-life insurance (Dragos & Dragos, 2017;
Duczkowski, 2022; Sliwinski, 2011; Sliwinski, 2016). It is therefore not surprising
that this relationship holds for motor insurance, including both MTPL and
CASCO. The level of disposable income remains one of the most fundamental
determinants of demand for CASCO insurance. The literature suggests that as
household wealth increases, the propensity to purchase optional coverage grows,
as consumers seek to protect their assets against a wider range of risks than those
covered by mandatory insurance (Sherden, 1984). Beyond this direct budgetary
effect, income also exerts an indirect influence on insurance uptake. Higher
income levels allow for the acquisition of newer and more valuable vehicles
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(Dragos et al., 2023). Given that the financial loss associated with the theft or
damage of such high-value assets is significantly higher, the economic rationale for
purchasing comprehensive insurance becomes more compelling for affluent car
owners (Kumaga, 2016). The positive correlation between income and insurance
demand is extensively documented in the literature, which includes broader
studies on non-life insurance (Beenstock et al., 1988; Browne et al., 2000; Esho
et al.,, 2004; Park & Lemaire, 2012). On the other hand, a more detailed analysis
should be devoted to acquisition costs and the specific dynamics of motor
insurance distribution channels.

The acquisition costs ratio serves as a critical indicator of the competitive
landscape, reflecting the intensity of distribution efforts within the motor insurance
sector. The following section presents the key literature findings concerning this
variable as they relate to the objectives of this research:

e Dominance of the agency channel - the agency channel remains the primary
distribution force for non-life insurance, consistently accounting for over 50% of
the gross written premium in markets such as Poland, where it significantly
outperforms direct writing and bancassurance in this specific sector (Lisowski
& Zieniewicz, 2015);

e Commission structures — remuneration for multi-agents is typically structured
with higher commission rates for CASCO / package policies compared to MTPL
insurance, reflecting the greater effort required for optional product placement
(Inteliace Research, 2014);

e Commission significance — commission levels, including their fluctuations and
regulatory limits, are identified as critical risk factors in the development of
insurance distribution channels (Sliwinski et al., 2021);

e Conflicts of interest - commission-based remuneration models are frequently
identified as a potential source of conflicts of interest, where intermediaries may
be incentivized to prioritize short-term profit maximization over the long-term
satisfaction or specific needs of the customer, both in the case of life and non-life
insurance (Balewski & Janowski, 2008; Reifner et al., 2013);

e Informational role - intermediaries act as critical information conduits who
alleviate adverse selection by providing insurers with higher-quality underwriting
data about their clients than would otherwise be available through direct channels
(Cummins & Doherty, 2006);

e Strategic consolidation - there is a visible market trend involving the decline of
exclusive agency forces in favor of multi-agents, alongside a move by direct
insurers to utilize intermediary networks as they realize that consumers remain
strongly attached to face-to-face professional advice (Lisowski & Zieniewicz, 2015;
New Direction, 2024);
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e Time allocation incentives — the allocation of an agent’s effort between acquiring
new contracts and maintaining existing ones is highly sensitive to the ratio of new
business commission rates to portfolio commission rates (Widura, 2009);

e Regulatory Safeguards — frameworks such as the Insurance Distribution Directive
(IDD), prohibit distributors from using remuneration or sales targets that could
incentivize products mis-selling or offering non-optimal policies to clients
(Ziemiak, 2019);

e Risk Profile Assessment - integrating the driver’s risk profile (measured through
behavioral factors like saving versus borrowing habits) into the distribution
process allows for a more comprehensive assessment of the policyholder’s
propensity to purchase voluntary motor insurance (Dragos & Dragos, 2017).

The aforementioned findings, particularly concerning commission structures,
commission significance and time allocation incentives, provide the primary
impetus for the study.

In conclusion, the interplay between consumer purchasing power (disposable
income) and the economic incentives within distribution channels appears to be the
primary mechanism driving the development of the voluntary motor insurance
market. While disposable income determines the consumer’s ability to afford
premium protection, acquisition costs shape the intermediary’s willingness to
promote these products. The identification of these two factors as key statistical
drivers in previous empirical studies has served as the core motivation for the
research presented in this paper, aiming to further explore their impact within the
specific context of the Polish insurance market.

4, Database and research method

The study utilizes secondary data sourced from the BFG, the KNF and Statistics
Poland (GUS), representing the most authoritative and reliable data sources
available in the country.
The following variables/time series were extracted from the GUS database:
e average monthly household expenditure on transportation-related insurance
(WUDbtr);
e average monthly disposable income per capita in households (DisInc).
The average monthly disposable income per capita in households (DisInc),
presented in Figure 3, was used as a direct input for further calculations.
The following variables / time series were extracted from the BFG and KNF
materials and presentations:
e distribution costs ratio for MTPL insurance (DisCostMTPL);
e distribution costs ratio for CASCO insurance (DisCostCASCO);
e gross written premium for MTPL insurance (GWPMTPL);
e gross written premium for CASCO insurance (GWPCASCO).



N. DUCZKOWSKI, A. SLIWINSKI  Disposable income and acquisition costs as drivers of CASCO... 39

Acquisition cost ratios (expressed as a percentage) for MTPL and CASCO were
used to determine the variable applied in the model, namely the ratio of CASCO
acquisition costs to MTPL (ComRatio) - the share acquisition costs of voluntary
insurance relative to mandatory coverage. Variable ComRatio was presented in
Figure 2.

Figure 3. Average monthly disposable income (in PLN) per capita in households
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Source: authors’ work based on GUS (2010-2025).

GWP for CASCO and MTPL was utilized to calculate the proportion of total
household expenditures on transport-related insurance, divided into voluntary
(WUbtrCASCO) and mandatory (WUbtrMTPL) categories. This approach was
necessitated by the fact that GUS does not publish data at such a granular level.
Consequently, the study assumes that total household expenditures on transport
insurance are proportional to the gross written premium within the voluntary and
mandatory policy segments. It should be emphasized that allocating household
transport insurance expenditures proportionally to GWP is an approximation, as
total GWP for CASCO and MTPL also includes premiums for commercial vehicles
and carriers. Nevertheless, it represents the best possible proxy for this analysis.
Average monthly household expenditures on transport-related insurance (WUbtr),
along with the estimated average monthly household expenditures on CASCO
(WUbtrCASCO) and MTPL (WUbtrMTPL) insurance, are presented in Figure 4.
Variable WUbtrCASCO was used as a direct input for further calculations.
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Figure 4. Average monthly household expenditures on transport-related insurance (WUbtr),
CASCO (WUbtrCASCO) and MTPL (WUbtrMTPL) in PLN
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The first stage of the empirical analysis involved a statistical description of the
variables to provide insight into their distribution and basic characteristics.
Subsequently, to ensure the reliability of the econometric modelling, especially when
comparing a neural network with a linear OLS benchmark, the stationarity of the
time series was examined using the Augmented Dickey-Fuller (ADF) and the
Kwiatkowski-Phillips-Schmidt-Shin (KPSS) tests. These two procedures were
employed as complementary tools due to their different null hypotheses: the ADF
test assumes the presence of a unit root (non-stationarity), while the KPSS test
evaluates the null hypothesis of trend-stationarity. Using both tests simultaneously
allows for a more robust verification of the properties of the series and helps avoid
potential errors in identifying the order of integration.

In the next step of the study, an identical testing procedure was conducted on the
first differences of the variables to achieve the stationarity required for further
modelling.

The main part of the empirical analysis was conducted using an artificial neural
network framework developed within the RStudio environment, specifically the
neuralnet function from the neuralnet library. The network architecture was
meticulously designed with a multi-layer perceptron structure (MLP) consisting of
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two hidden layers, defined by parameter hidden = c(4, 2). The model was specified to
examine the relationship between voluntary insurance penetration and its key
drivers according to the formula:

AWUbtrCASCO ~ AComRatio + In(ADisInc). (1)

The model evaluates how the first differences of the CASCO to MTPL acquisition
cost ratio (AComRatio) and the natural logarithm of changes (first differences) in
disposable income (ADisInc) influence the first differences of the CASCO insurance
expenditures (AWUbtrCASCO).

In addition, a Multiple Linear Regression model (namely OLS) was estimated in
RStudio to serve as a benchmark for the results obtained from the neural network.
To ensure full comparability and a rigorous baseline for the machine learning
approach, the OLS estimation was conducted using the same set of variables and an
identical equation (1). This procedure enabled a direct assessment of whether the
non-linear MLP model provides significant added value relative to traditional
econometric methods.

The multilayer perceptron architecture with a hidden layer structure of (4, 2) used
as the main model for this study was carefully tailored to meet the specific
constraints and requirements of the research. Given the relatively small size of the
time series dataset, a more complex architecture with a higher number of neurons or
layers would significantly increase the risk of overfitting. The model would then
capture noise rather than the underlying economic patterns. The (4, 2) configuration
provides a balanced degree of freedom, allowing the network to internalize non-
linear relationships and interactions between the variables without losing its
generalization capabilities. Additionally, neural networks handle non-stationarity or
questionable stationarity of time series effectively. Furthermore, the preliminary
results of the linear OLS benchmark presented in the Results section served as
a critical justification for this choice. The limited explanatory power of the linear
model compared to a neural network model suggests that the phenomenon of motor
insurance demand is inherently very complex. Consequently, the MLP model was
implemented to capture these complexities that traditional econometric tools might
overlook.

To ensure the robustness and predictive accuracy of both the constructed network
and the OLS benchmark, a comprehensive evaluation suite was employed. The
goodness of fit was assessed using R? and Root Mean Square Error (RMSE) statistics.
Furthermore, the model underwent rigorous econometric validation through the
Durbin-Watson test for autocorrelation and the Shapiro-Wilk test for normality of
residuals. Finally, a Neural Network Response Surface analysis was performed to
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visualize the non-linear interactions between the independent variables (In(ADisInc)
and AComRatio) and the dependent variable (AWUbtrCASCO), providing deeper
insights into the model’s behavior.

Furthermore, the study utilized the leave-one-out cross-validation (LOOCYV)
procedure to evaluate the predictive performance of the models. This method was
specifically chosen due to the limited size of the dataset, where a traditional split into
training and testing sets would significantly reduce the amount of information
available for the learning process. The LOOCV procedure is a specialized form of
k-fold cross-validation (where k=n), consisting of n iterations. In each step, a single
observation is excluded from the dataset to serve as a test case, while the model is
trained on the remaining n-1 observations. This process is repeated until every
observation is used as a test set exactly once. This procedure enabled the calculation
of out-of-sample performance metrics and the preparation of diagnostic charts,
ensuring that the results are not biased by overfitting and that the model’s stability is
verified across the entire time horizon.

The decision to apply a natural logarithm to the change in disposable income,
represented within the model as In(ADisInc), but not for variable AComRatio, is
rooted in the non-linear nature of agent motivation and market response. In the
Polish motor insurance sector, small increases in the commission ratio between
voluntary (CASCO) and mandatory (MTPL) products, resulting in a change in the
ComRatio indicator, often yield disproportionately large shifts in sales efforts. By
applying a natural logarithm transformation to the ADislnc variable, the model
accounts for this convex relationship, where the marginal impact of the cost
differential increases as the incentive becomes more attractive. This approach
demonstrates the tipping point behavior of distribution networks, where a specific
threshold in the acquisition cost surplus triggers a significant reallocation of
resources and marketing focus toward CASCO policies, thereby enhancing market
penetration more aggressively than linear variables would suggest.

Despite the statistical significance of the results, this study is subject to certain
limitations. Firstly, a primary constraint arises from the lack of granular data
published by GUS regarding the explicit breakdown of household expenditures on
voluntary versus mandatory motor insurance. This necessitated the use of an
estimation method based on GWP proportions to disaggregate the total transport
insurance spending. While this approach is grounded in market-wide trends, it
remains a proxy that may not reflect the full complexity of individual household-
level decisions, as the total GWP for CASCO and MTPL includes premiums for
commercial vehicles and carriers. Consequently, the potential differences in the
pricing dynamics or commission structures between the retail and corporate sector
may not be fully captured. Despite these constraints, the solution used represents the
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best possible proxy for this analysis. Secondly, the study is limited by the length of
the available time series, covering the period from 2009 to 2024. Although this
timeframe encompasses various economic cycles and regulatory shifts in the Polish
market, a longer perspective is necessary to perform more advanced cointegration
analyses or to capture more fully the long-term structural changes within the
insurance sector.

5. Results

The results of the first stage of the empirical analysis involved a statistical description
of the variables and stationarity tests for variable levels, presented in Table 2.

Table 2. Descriptive statistics and stationarity tests for variables in levels?

Descriptive statistics (levels)
Variable
Min Q1 Median Mean Q3 Max Std. Dev.
ComRatio ...... 1.098 1.178 1.220 1.236 1.287 1.388 0.091
[D]1 [ I 1114.49 1293.91 1536.35 1718.75 1954.88 3167.17 580.28
WUbtrCASCO 235 2.57 3.08 3.2037 3.3525 572 0.9222
Stationarity tests (levels)
Variable - -
ADF stat ADF Intelfpre KPSS KPSS Interpre Conclusion
p-value tation stat p-value tation
Non-statio-
ComRatio ........ -1.8315 0.6366 | nary 0.4197 0.0686 | Stationary | Ambiguous
Non-statio- Non-statio- | Non-statio-
DisINC ...ccoeuevnnene 1.5115 0.99 | nary 0.6032 0.0223 | nary nary
Non-statio- Non-statio- | Non-statio-
WUbtrCASCO -0.5663 0.9695 | nary 0.5665 0.0267 | nary nary

a The terms ‘stationary’ or ‘non-stationary’ serve as a concise notation indicating the rejection or failure to
reject the null hypothesis of the respective statistical test.

Source: authors’ work.

As evidenced by the data presented in Table 2, the analyzed variables are non-
stationary. Although neural networks are inherently robust to non-stationary data,
the transition to first differences was performed to maintain methodological
consistency and ensure full comparability with the linear OLS benchmark. The
results of the empirical analysis, including the statistical description of the variables
and the stationarity tests for first differences, are presented in Table 3.



44 Przeglad Statystyczny. Statistical Review 2026 | 1

Table 3. Descriptive statistics and stationarity tests for first differences of variables?

Descriptive statistics (first differences)
Variable
Min Q1 Median Mean Q3 Max Std. Dev.
AComRatio ....... -0.1764 -0.0325 -0.0116 -0.0111 0.0274 0.1854 0.0812
In(ADisInc) ........ 3.0272 3.8819 45573 4.5433 4.8973 6.1921 0.8765
AWUbtrCASCO —-0.1300 -0.0150 0.1100 0.2247 0.2350 1.2900 0.3876
Stationarity tests (first differences)
Variable - -
ADF stat ADF Interpre KPSS KPSS Interpre Conclusion
p-value tation stat p-value tation
Non-statio-
AComRatio ...... -1.6574 0.7029 | nary 0.1526 0.1000 | Stationary | Ambiguous
Non-statio-
In(ADisIng) ........ -4.5182 0.0100 | Stationary 0.5205 0.0371 | nary Ambiguous
Non-statio-
AWUbtrCASCO -1.3351 0.8257 | nary 0.3385 0.1000 | Stationary | Ambiguous

a The terms ‘stationary’ or ‘non-stationary’ serve as a concise notation indicating the rejection or failure to
reject the null hypothesis of the respective statistical test.

Source: authors’ work.

The descriptive statistics and stationarity tests for the first differences of the
variables presented in Table 3 indicate that the transformation addressed the issues
related to non-stationarity, thus providing a stable foundation for the comparative
estimation of both the linear OLS model and the MLP neural network.

The results of the core empirical analysis, comprising the neural network model
estimation (Table 4, Figures 5-6), the OLS linear model estimation (Table 5) and
a comparison of their key performance metrics (Table 6), are presented below in
accordance with the methodology described in section 4.

Table 4. MLP model estimation results

Category Parameter / Statistic Value
Network type multilayer perceptron (MLP)
Configuration (hidden layers) c(4, 2) (two hidden layers)
Model architecture Input nodes (variables) 2 (In(ADisInc), AComRatio)
Output node 1 (AWUbtrCASCO)
Activation function Logistic (sigmoid)
Output activation Linear (identity)
Learning algorithm Resilient backpropagation (Rprop+)
Training process ...... Convergence steps 104
Final error (SSE) 0.1236
Goodness-of-fit Coefficient of determination (R2) 0.7631
"""" RMSE 0.1823
Diagnostic tests Durbin-Watson (autocorrelation) DW=2.8855 (p-value=0.9681)
GNOSHUCTESTS ... Shapiro-Wilk (normality) SW=0.9620 (p-value=0.7276)

Source: authors’ work.
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Figure 5. Architecture of the MLP neural network model
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Figure 6. MLP neural network response surface for the analyzed neural network
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Table 5. The OLS model estimation results

Przeglad Statystyczny. Statistical Review 2026 | 1

Category Parameter / Test Estimate Std. Error | t-value | p-value
AWUDbtrCASCO dependent variable
Coefficients .| | ADisinc) 0.06158| 001859 | 3313 0.0056
AComRatio 1.84524 1.08466 1.701 0.1127
Min -0.33434 - - -
1Q -0.26316 - - -
Residuals ......... Median -0.07812 - - -
3Q 0.06668 - - -
Max 0.86296 - - -
RMSE 0.3086 - - -
Model Fit ......... Coefficient of determination (R?) 0.5006 - _ _
F-statistic 6.514 - - 0.01097
Diagnostics .... Durb!n—Wa.tson (autoForreIatlon) 1.6494 - - 0.2458
Shapiro-Wilk (normality) 0.8325 - - 0.0099
Source: authors’ work.
Table 6. Comparison of the MLP and OLS model estimation results
Metric OLS Model MLP Model
Coefficient of determination (R2) ......ceeeveeerunernnes 0.5006 0.7631
RMSE 0.3086 0.1823
Durbin-Watson (statistic) 1.6494 2.8855
Durbin-Watson (p-value) 0.2458 0.9681
Shapiro-Wilk (statistic) 0.8325 0.9620
Shapiro-Wilk (p-value) 0.0099 0.7276

Source: authors’ work.

Based on the results of the estimation of the MLP neural network model presented

in Table 4 and Figures 5-6, the OLS linear model in Table 5 and the comparative
analysis of their key performance metrics in Table 6, it can be noted that:

the MLP model achieved a high level of predictive accuracy, as evidenced by the
coefficient of determination R? reaching 0.7631;

the RMSE was maintained at a low level of 0.1823, indicating small deviations of
the predicted values from the actual observations;

the network reached a stable convergence in 104 steps, with a minimal final error
(SSE) of 0.1236;

the Durbin-Watson test statistic of 2.8855 (p-value = 0.9681) confirms the
absence of autocorrelation among the residuals (standard significance level
p-value = 0.05);

the Shapiro-Wilk test results (SW = 0.9620, p-value = 0.7276) allow the
acceptance of the null hypothesis regarding the normal distribution of the MLP
model's residuals (standard significance level p-value = 0.05);
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the Neural Network Response Surface (Figure 7) reveals a clear, non-linear
synergy between disposable income (In(ADisInc)) and the incentive stimulus
(AComRatio);

the highest levels of CASCO insurance penetration are observed at the
intersection of high household income and the maximum values of the
acquisition cost differential ratio;

the weights estimated for the hidden layers confirm that both the economic status
of households and the distribution network’s incentive structure are significant
predictors in the model;

the MLP model significantly outperformed the linear model (OLS) in terms of
explanatory power, achieving R? = 0.7631 compared to R* = 0.5006 for the OLS
estimation;

the neural network reduced the prediction error (RMSE) by approximately 41%
(from 0.3086 in the OLS model to 0.1823 in MLP), indicating a much better fit to
the market data;

the Shapiro-Wilk test results (SW = 0.9620, p-value = 0.7276) confirm that the
MLP residuals follow a normal distribution, whereas the OLS model failed this
diagnostic criterion (SW = 0.8325, p-value = 0.0099) at the standard significance
level (p-value = 0.05);

the Durbin-Watson test indicates that the MLP model (p-value = 0.9681) provides
residuals that are more consistent with the assumption of no autocorrelation than
the OLS model (p-value = 0.2458).

Based on the points mentioned above, it can be stated that the comparative

analysis confirms that the neural network architecture is more effective at capturing

the non-linear synergies between economic indicators and insurance expenses

presented in these studies than traditional econometric methods.
As indicated earlier, the study also utilized the LOOCV procedure to evaluate the
predictive performance of the models. The results of this procedure, described in

detail in section 4, are presented in Table 7 and Figures 7-9.

Table 7. Key summary statistics for the LOOCV procedure

Improvement
Metric OLS Model MLP Model over the linear
model

Coefficient of determination (R2) from the LOOCV
procedure (out-of-sample) 0.1135 0.1937 71%
Avg. RMSE from the LOOCV procedure .........ccoueeeer 0.2483 0.2368 5%
Avg. Mean Absolute Error (MAE) from the LOOCV
procedure 0.1907 0.1651 13%
Avg. Mean Absolute Percentage Error (MAPE) from
the LOOCV procedure (i 9%0) .......oeeeeeeseeessseeeessessssseseens -191.32 -20.7 89%

Source: authors’ work.
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Figure 7. Validation of the LOOCV procedure: comparison of the MLP and OLS model results
LOOCYV validation: MLP vs. OLS (out-of-sample predictions)
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Figure 8. Absolute errors observed in the LOOCV procedure
Model stability in LOOCV (absolute errors)
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Figure 9. Relative errors observed in the LOOCV procedure
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Based on the results of the LOOCYV procedure, it can be noted that:

the MLP model demonstrated a significant improvement in predictive stability
compared to the linear approach, achieving an out-of-sample R* = 0.1937, which
represents a 71% increase over the OLS model’s result (R?= 0.1135);

the average prediction error (RMSE) was reduced from 0.2483 in the linear model
to 0.2368 in the MLP architecture, confirming the neural network's higher
efficiency in generalizing patterns to unseen data;

the application of the MLP model led to a 13% reduction in the MAE, lowering it
to alevel of 0.1651 compared to 0.1907 for the OLS estimation;

the most substantial improvement was observed in the MAPE, where the MLP
model achieved a significantly lower error rate of 20.7%, marking an 89%
improvement over the unstable linear estimation;

the LOOCV procedure results (Figures 7-9) confirm that the MLP model more
closely follows the actual trend of CASCO insurance expenses, particularly in
capturing the turning points that the OLS model failed to recognize.

Furthermore, it is important to underline that while the absolute values of the
efficients in the LOOCV procedure may appear relatively low (such as R?), such

results are typical and often expected when dealing with very small sample sizes and

rigorous cross-validation techniques. In the LOOCYV approach, the model is tested
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on individual, sometimes extreme observations, which naturally penalizes the
goodness-of-fit metrics. Therefore, in this context, the primary indicator of the
model's success is not the absolute value of R* itself, but the substantial relative
improvement it offers over the traditional linear baseline, proving the neural
network’s superior robustness and stability.

To conclude, the empirical results of the study provide strong support for the
research hypothesis, confirming that both the change in the acquisition cost ratio of
CASCO over MTPL and the change of disposable income are significant
determinants in modeling household expenditures on CASCO insurance. The
statistical significance of these variables indicates that the demand for optional
coverage in Poland is driven not only by the change in financial capacity of
consumers (disposable income) but also by changes in the incentive structures
within the distribution network, which prioritize the sale of higher-margin voluntary
products.

6. Discussion and conclusions

The empirical results of this study clearly identify and confirm a dual-driver
mechanism that shapes the Polish motor insurance market. The statistically
significant relationship between disposable income and expenditures on CASCO
policies confirms that voluntary insurance is a superior good. As household wealth
(disposable income) increases, consumers not only have the financial capacity to
purchase broader protection but also tend to acquire higher-value vehicles that
necessitate such coverage (Dragos et al., 2023). As expected, the results obtained also
corroborate findings from previous studies, indicating that disposable income is
a factor that significantly shapes demand across both life and non-life insurance
sectors (Dragos & Dragos, 2017; Duczkowski, 2022; Sliwiniski, 2011; Sliwiniski, 2016).
This implies that along with increasing household wealth, a further expansion of the
CASCO insurance market should be expected. However, the strength of these
interpretive claims must be balanced against the study’s methodological constraints.
Since GWP data for CASCO and MTPL insurances were used to disaggregate total
transport-related insurance expenditures published by GUS, the observed income
elasticity represents a market-wide proxy rather than a granular reflection of
individual household-level decisions. This is due to the fact that GWP includes data
from both the private and commercial sectors. Despite these data-related
constraints, the methodology employed represents the most robust proxy available
for this analysis and does not undermine the overall validity of the identified trend.
Simultaneously, the model also highlights the role of the supply side, represented
by the acquisition cost ratio variable (ComRatio). The persistent surplus of CASCO
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commissions over mandatory MTPL rates acts as a powerful economic stimulus for
intermediaries. This suggests that the growth of the CASCO segment in Poland is
not merely a passive result of rising consumer affluence but also an active outcome
of a distribution strategy where agents are financially incentivized to push voluntary
products to close the profitability gap caused by the low margins of the mandatory
sector. It is important to note, however, that due to the method adopted to
disaggregate total transport-related insurance expenditures published by GUS,
potential differences in the influence of commission structures, specifically within
the retail sector, may not be fully captured. This means that the magnitude of the
‘commission push’ effect requires further validation with micro-level data.

From a market perspective, these findings suggest that insurers must carefully
balance their remuneration structures to ensure sustainable growth. For insurance
companies, a high reliance on commission-driven sales for CASCO implies that any
regulatory changes affecting intermediary compensation could lead to significant
shifts in market penetration. This vulnerability is particularly relevant given the
study’s limited time horizon (2009-2024), which, while covering various cycles, may
not fully capture the long-term structural evolution of the sector. On the other hand,
it is worth emphasizing, once again, that the ratio of the average MTPL premium to
the average national wage dropped significantly from 14.3% in 2017 to just 7.4%
in 2024 (BFG, 2025). This increasing affordability of insurance relative to the average
income creates a strategic possibility for insurers to bundle products more effectively
(MTPL and CASCO or with banking products in the bancassurance channel).

Policy-wise, the results indicate that the Polish market is reaching a stage of
maturity where competition is shifting from price-based (MTPL) to value-based
(CASCO) coverage. Insurers should therefore focus more on long-term relationship
management and cross-selling strategies that leverage the rising disposable income
of households. This evolution necessitates moving beyond simple mandatory
compliance, which has historically dominated the market, toward a model of
comprehensive asset protection. Such a shift implies that insurance is no longer
perceived by consumers merely as a legal burden or a fixed cost of vehicle
ownership, but as a sophisticated tool for safeguarding household wealth.
Consequently, the industry must transition from selling standardized, price-sensitive
products to offering integrated financial security solutions. By emphasizing the
protection of the vehicle's capital value rather than just fulfilling a statutory
obligation, insurers can better align their value proposition with the growing
financial aspirations and risk awareness of a more affluent society. This shift is
already observable in the market, as evidenced by the proliferation of various
assistance services bundled with insurance that provide significant perceived value to
the customer beyond the core coverage. Nevertheless, the conclusion regarding
market maturity should be interpreted with caution due to the fact that the current
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data in this study rely on proxy indicators. Thus, the speed and strength of the
transition from mandatory compliance to assets protection remain to be fully
confirmed by more granular research.

The strong correlation between acquisition costs and household expenditures on
CASCO insurance raises serious concerns regarding the quality of distribution and
the risk of market distortions. When the incentive gap between mandatory and
voluntary products is too wide, there is an inherent danger of commission-driven
sales, commonly referred to as mis-selling, where the intermediary's financial gain
may take precedence over the actual needs of the policyholder. This is particularly
risky in cases where CASCO coverage might be offered for low-value, older vehicles
where the economic benefit to the client is marginal. Mis-selling may also occur in
situations where the client is not informed about the details of the insurance
coverage, its exclusions or other critical terms. While these findings are grounded in
the observed statistical correlation, the limitations of proxy-based analysis presented
in this research mean that mis-selling should be interpreted as a systemic risk.
Consequently, these findings underscore the need for a more robust application of
the Demands and Needs Test (Pol. Analiza Potrzeb Klienta - APK). Regulatory
oversight should focus on ensuring that the sales process is driven by transparent
advice rather than the commission push, protecting consumers from unnecessary
costs and maintaining the long-term credibility of the insurance sector. It is worth
emphasizing, however, that the KNF already drew attention to this, immediately
after the mandatory nature of APK was introduced.

Future research should aim to incorporate micro-level data from individual
insurance companies or household surveys to validate these findings. Additionally,
future comparative analyses should be expanded to include other Central and
Eastern European markets, especially in the context of analyzing the historical
evolution of motor insurance. This would also allow deeper insights into the
structural evolution of the sector. Such studies could determine whether the shift
from mandatory coverage to value-added asset protection is a consistent regional
trend driven by rising affluence.

In summary, this research demonstrates that the development of the CASCO
motor insurance market in Poland is inextricably linked to both the rising
households” disposable income and the economic motivations of the distribution
network (acquisition costs). The identification of disposable income and
commission differentials as key predictors provides a comprehensive framework for
understanding market dynamics. The study concludes that while economic growth
provides the foundation for market expansion, it is the structure of acquisition costs
that often determines the actual direction and pace of growth. Ultimately, achieving
a healthy and sustainable motor insurance market requires a delicate balance
between aggressive sales incentives and the rigorous protection of consumer
interests through transparent and needs-based distribution practices.
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88 years of Przeglqd Statystyczny.
Statistical Review

Czestaw Domarniski®

1. Introduction

The article is devoted to the history of the Przeglgd Statystyczny. Statistical Review
journal, which has been published for 88 years and has influenced the development
of Polish official statistics. The history of the journal has been very complex, as has
been Poland’s in that period (see Domanski, 2011). Statistical Review was established
as the main organ of the Polish Statistical Association in 1937. In its long history,
it was published by several organisations: the Polish Statistical Association, the
Statistics Section of the Polish Economic Society, the Committee of Statistics and
Econometrics of the Polish Academy of Sciences, and currently, since 2018, by
Statistics Poland. The presented historical outline of Przeglgd Statystyczny. Statistical
Review demonstrates that the journal has always held a very high scientific rank. The
list of authors and editors has encompassed many outstanding scientists
representing mathematical and statistical disciplines.

2, Early history

The journal Ekonomista (Eng. The Economist), established in 1864, might be
regarded as a precursor of Przeglgd Statystyczny. Statistical Review, which was
established 73 years later, in 1937. On 1st November of that year, the Editorial
Committee of Przeglgd Statystyczny. Statistical Review was elected at a meeting of
the Council of the Polish Statistical Association, consisting of: Zygmunt Limanowski
(Chairman), Stefan Szulc (Deputy Chairman), Jan Wisniewski (Secretary),
Antoni Lomnicki and Jan Piekatkiewicz (Members).

The journal became the main organ of the Polish Statistical Association (cf. title page
of Volume I). The authors of the articles in the first volume, published in 1938,
included the following scholars: Edward Szturm de Sztrem, Jan Czechowski,
Jan Wisniewski, Egon Vielrose, Jerzy Sptawa-Neyman and Ludwik Krzywicki. We can
say that for nearly 90 years, almost every statistician who published an article in
Statistical Review, later become a well-recognised scholar popular in the community of
Polish statisticians.
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FOWARIVATWA STAIYSIVE ZHEGED
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It is worth quoting from the ‘Introduction’ to the first volume and the table of
contents (Stowo wstegpne, 1938, pp. 1-2):
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The Polish Statistical Association has identified as one of its main tasks to publish
a journal devoted to the theory and practical applications of statistics.

Administrative statistics, demography, economic and social life and life sciences all benefit
from joint experiences and common statistical practice; they use the same methods, while
perfecting and developing them. Statisticians’ interest therefore reaches far beyond the
scope of problems researched by them, which is often relatively narrow.

It is understandable, then, that we need a journal that would report on statistical work
performed in different fields, thus facilitating the exchange of scientific thought and the
coordination of efforts.

An especially strong need for such a journal in Poland became evident when the Statistical
Quarterly (Pol. Kwartalnik Statystyczny) discontinued its operations. That journal, even
though devoted mostly to administrative statistics, strove to satisfy more comprehensive
needs.

Przeglgd Statystyczny, as far as possible, will be issued four times a year.

It will feature: 1) original theoretical papers by Polish and foreign authors,
2) original papers in the field of applied statistics, important from the methodological
point of view, 3) reports showing the current status and progress in selected branches of
statistics, 4) reviews and critical analyses of statistical research, 5) a chronicle informing
about the orgnisational and scientific life of the Polish Statistical Society, its sections and
branches, and about similar foreign and international organisations, and 6) a detailed
bibliography of Polish publications (...)
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And this is what the Editorial Team wrote about Volume II of Statistical Review,
published in 1939 (Od Redakcji, 1939, p. 1):

As the date of the third census in Poland is approaching, the editors of Statistical
Review decided to publish a series of papers discussing problems related to the census
from various points of view. This issue is almost entirely devoted to these
considerations; and more census-related articles will be published in subsequent
issues. Until now, the following authors have confirmed they would write for us: Jerzy
Heinrich, Zygmunt Limanowski, Wiktor Morawski, Edward Strzelecki, Edward
Szturm de Sztrem and Stefan Szulc.

Even issue 1 of Statistical Review published in 1938 featured an article related to
censuses, namely The Universal Agricultural Census by Mieczystaw Przypkowski (1938).

This topic has already been incorporated into the agenda of the general scientific meeting
of the Polish Statistical Association, scheduled for 2nd-3rd April 1939 in Warsaw, and the
Congress of Municipal Statisticians (18th-19th March 1939). Detailed reports from both
congresses will be published in issue 2 of Statistical Review.

The third volume of the journal was published in 1949 (the title page and
contents are presented below). We can learn from them that articles sent to the
journal at that time could be written in Polish, Russian, English and French.
The topics of the articles in that issue were varied. They included: public
procurement in official statistics, the organisation of statistical education in
Poland, statistical reporting, statistical methodology, historical price statistics,
official statistics in the Soviet Union, and the height and weight of students of
higher schools in Warsaw in 1946.
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3. Statistical Review as the main organ of the Statistics Section
of the Polish Economic Society

In the first issue of the ‘new’ Statistical Review, published in 1954, in the ‘From the
Editors’ section, we have information about the procedure for establishing a new
journal.

From 29th June to 21st July 1951, the First Congress of the Polish Science was
held in Warsaw. The decisions made at the congress resulted in the transformation
of the Polish science and started the process of monitoring it. The changes
concerned both the organisational system and research methods, as well as the
language and the way science was taught. In the wake of these transformations, the
Polish Academy of Sciences (Pol. Polska Akademia Nauk - PAN) was established
(Act of 30th October 1951, Journal of Laws of 1951 No. 57, item 391). It was
designed as an institution supporting the political authorities and a tool of control
over the scientific community. Also, in 1951, the Central Qualification Commission
for Scientific Staff was set up, which had a significant impact on the personnel policy
in the academic community. Many scientists had to leave their workplaces or found
themselves on the margins of the scientific life. Jan Czekanowski, Adam
Krzyzanowski, Marcin Nadomnik, Stefan Schmidt, Edward Strzelecki and Jézef
Wojtyniak were among the politically persecuted members of the management of
the Polish Statistical Society (see Kruszka, 2012, p. 56).
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In December 1952, the first National Conference of Faculties of Higher Schools of
Economics and Universities was held in Warsaw. It was attended by faculties of
sciences connected to statistics from the following higher schools and universities:
the Warsaw School of Planning and Statistics, the Warsaw School of Foreign Service,
the universities of economics in Czestochowa, Krakow, L6dz, Poznan, Sopot,
Stalingrad, Szczecin and Wroclaw, and the universities of Wroctaw, L.6dz, Warsaw
and Poznan. Romaniuk (1954, p. 5) wrote:

When considering the scientific and research program (...), we must first of all refer to the
achievements of the First Congress of the Polish Science, and in particular to those of the
Economic Sciences Section and the Subsection of Statistics, and then to the achievements
of the National Conference of Faculties of Higher Schools of Economics (...).

At this conference, ignoring the formal existence of the Polish Statistical Association,
its participants requested the establishment of a Statistics Section within the Polish
Economic Society. It started operations in March 1953. It was the only such organisation
accepted and endorsed by the then authorities, so the only place where Polish
statisticians could relatively freely engage in social activity (see also Kruszka, 2012, p. 57).
According to Romaniuk (1954, pp. 5-6):

As scientific and research work in the field of statistics continues to develop, the forms of
this work will also improve. The basic condition for the development of both the content
and the form of all scientific and research work is its service to the needs of a man, the
needs of practice, the needs of the implementation of socialism in our country.

The structure of the individual volumes of Statistical Review from the years 1938-
1949 and the one established in 1954 was very similar, with the exception of the
‘From the Editors” and the editorial articles.

Studying the publications in the journal (and other sources), we not only learn
about the development of the Polish statistical thought, but also about the very
interesting political, economic and social background. We can also see that the
ethical standards of Statistics Poland’s staff were very high. Let us quote from the
article by Romaniuk entitled The 1955 Statistical Yearbook was published (1956 issue
1, pp. 239-241):

The publication of the Statistical Yearbook after a six-year break is a cultural and political
event of a great importance:

Welcoming the publication of the 1955 Statistical Yearbook, we, the editors of Statistical
Review, would at the same time like to emphasise the necessity of a thorough scientific
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discussion about the Yearbook, concerning both its content and the methods of obtaining
the published data. We would be happy to host such a discussion in our journal.

4, Statistical Review as the main organ of the Committee on Statistics
and Econometrics of the Polish Academy of Sciences

On 11th April 1972, the Committee on Statistics and Econometrics was established
by Resolution No. 14/72 of the Presidium of the Polish Academy of Sciences.

On Ist January 1974, Statistical Review became the main organ of the Committee
on Statistics and Econometrics of the Polish Academy of Sciences, and therefore the
authorities of the Polish Academy of Sciences appointed a new, expanded Editorial
Committee composed of: Andrzej Baranowski, Czestaw Bracha, Zbigniew
Czerwinski (Deputy Editor-in-Chief), Wieslaw Grabowski, Jerzy Gren, Jan Kordos,
Adam Machnowski, Ireneusz Nykowski, Zbigniew Pawlowski (Deputy Editor-in-
Chief), Kazimierz Romaniuk, Wieslaw Sadowski (Editor-in-Chief), Oskar
Starzenski, (Editorial Secretary), Krzysztof Zadora and Aleksander Zelias.

In May 1982, the Scientific Secretary of the Polish Academy of Sciences selected
the following members of the Editorial Committee of Statistical Review: Zbigniew
Czerwinski (Editor-in-Chief), Witold Jurek (Editorial Secretary), Wojciech
Maciejewski, Ireneusz Nykowski (Deputy Editor-in-Chief), Antoni Smoluk, Andrzej
Tomaszewicz, Krzysztof Zadora and Leszek Zienkowski. The journal’s Editorial
Board was also appointed. It consisted of: Zdzistaw Hellwig, Tadeusz Kasprzak,
Michal Kolupa, Mirostaw Krzysztofiak, Kazimierz Romaniuk, Wiestaw Sadowski
(Chairman), Igor Timofiejuk, Wladystaw Welfe and Kazimierz Zajac.

The new Committee began work in a situation where, for reasons independent of
their predecessors, the publication of the 1980 and 1981 volumes was seriously
delayed. It was already mid-1982 when the first issue from 1982 was published.
It mostly consisted of articles submitted earlier (as indicated in the annotations to
articles).

In the years 1993-2007, Michal Kolupa served as the Editor-in-Chief of Statistical
Review. He held this position for 15 years, and he described this experience in the
article entitled From June 1993 to June 2007 (Kolupa, 2007, pp. 5-7).

The Editorial Board was then composed of: Maria Cieslak, Zbigniew Czerwinski,
Zdzistaw Hellwig, Jan Kordos, Mirostaw Krzysztofiak, Wojciech Maciejewski,
Wiestaw Sadowski (Chairman), Wtadystaw Welfe, Kazimierz Zajac and Aleksander
Zelia$. The Editorial Committee was comprised of: Andrzej Barczak (Deputy Editor-
in-Chief), Czestaw Domanski, Jézef Hozer, Krzysztof Jajuga (Deputy Editor-in-
Chief), Michal Kolupa (Editor-in-Chief), Teodor Kulawczuk, Emil Panek and
Tadeusz Stanisz (Scientific Secretary).
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As far as particular fields of knowledge were concerned, Editor-in-Chief Michat
Kolupa was responsible for econometrics and its applications, Deputy Editor-in-
Chief Andrzej Barczak dealt with statistics and its applications, Deputy Editor-in-
Chief Krzysztof Jajuga specialised in econometrics, financial engineering and other
financial applications of mathematics, while operational research, its applications
and other applications of mathematics in economic research was the domain of
Tadeusz Stanisz, the Secretary of the Editorial Board.

In volume 56 issued in 2009, the new composition of the Editorial Board and the
Editorial Committee was presented. The Editorial Board was then composed of:
Maria Ciedlak, Zbigniew Czerwinski, Zdzistaw Hellwig, Jan Kordos, Mirostaw
Krzysztofiak, Wojciech Maciejewski, Wiestaw Sadowski (Chairman), Wladystaw
Welfe, Kazimierz Zajac and Aleksander Zelia$. The members of the Editorial
Committee were: Mirostaw Szreder (Editor-in-Chief), Magdalena Osinska (Deputy
Editor-in-Chief), Marek Walesiak (Deputy Editor-in-Chief) and Krzysztof Najman
(Scientific Secretary).

That issue also featured a “Thank you’ letter to the former Editor-in-Chief Michat
Kolupa. It read (Podzigkowanie, 2009, p. 3):

(...) We would like to express our sincere gratitude to Professor Michal Kolupa for his
expert management of the Editorial Team of Przeglgd Statyczny. Statistical Review over the
past 15 years. Thanks to the efforts and commitment of Professor Kolupa, Przeglgd
Statystyczny, an important scientific journal of statisticians and econometricians, was
published regularly, presenting research results and discussions conducted in both the
above-mentioned, closely interwoven fields.

We would like to thank all the members of the Editorial Committee for upholding high
scientific standards of the journal, the topicality of the published studies, and for their
efforts aimed at a greater integration of the communities of statisticians and
econometricians in the research sphere. (...)

We would like to express our hope for the future fruitful collaboration with the outgoing
Editorial Committee and for their continuing active participation in the development of
Statistical Review.

The letter was signed by Mirostaw Szreder, PhD, DSc, ProfTit, Magdalena
Osinska, PhD, DSc, ProfTit , Marek Walesiak, PhD, DSc, ProfTit, and Krzysztof
Najman, PhD, DSc, ProfTit.

Let us also quote from the new Editorial Committee’s ‘From the Editors’ letter
emphasising the importance of the 55-year history of Statistical Review (Od Redakcji,
2009, p. 5).

(...) Being aware of an over 55-year history of our journal as well as of its excellent
scientific reputation, we (...) would like Statistical Review to continue being the first choice
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of Polish statisticians and econometricians for the exchange of scientific thought. In
a developing market economy, this requires special attention to the adequate scientific
standards of the journal, openness to the expectations of readers, and reaching out to new
audiences, including foreign readers. We would like to use modern means of information
to promote scientific work published in Statistical Review more boldly. We believe that in
this way we will broaden and deepen the scope of scientific discussion on the most
important aspects of the theory and applications of statistics and econometrics.

We would like to declare our openness both to new scientific problems that should be
discussed in Statistical Review and to any proposals of our colleagues and readers aimed at
modernising the journal and raising its scientific rank.

The letter was signed by the same as above members of the Editorial Committee.

The Committee on Statistics and Econometrics of the Polish Academy of Sciences
was still the publisher of Statistical Review when Volume 59 of the journal was
issued in 2012. The composition of the Editorial Committee and message to the
readers can be found in the ‘From the Editors’ article (Od Redakcji, 2012, p. 3):

(...) The Committee on Statistics and Econometrics of the Polish Academy of Sciences,
acting on behalf of the Chairman of the Committee, Professor Jacek Osiewalski, appointed
a new Editorial Committee of Statistical Review and a new Editorial Board headed by
Professor Wtadystaw Milo.

The new Editorial Committee consists of: Magdalena Osinska (Editor-in-Chief), Marek
Walesiak (Deputy Editor-in-Chief), Piotr Fiszeder (Scientific Secretary of the Editorial
Board), and Editors Anna Pajor and Michal Majsterek.

We would like to express our gratitude to the outgoing Editor-in-Chief, Professor
Mirostaw Szreder, for his efforts and commitment to the editorial work, which resulted in
maintaining high scientific standards of the journal. (...)

We would also like to thank all the members of the Editorial Board (...). In this issue, we
are publishing the memoir of the recently deceased Chairman of the Council, Professor
Michat Kolupa.

In its nearly 60-year history, our journal has always been the most important platform for
the exchange of scientific thought between researchers dealing with the broadly
understood quantitative methods, especially statistics and econometrics. Respecting the
achievements of the journal to date, the new Editorial Committee will spare no efforts to
raise its scientific level, to modernise the journal through electronic means of
communication (including electronic contact with authors and reviewers, regular updating
and expansion of the scope of information on the website, and seeking membership in
more journal databases), and to upgrade the journal’s parametric evaluation.

The increasing importance of Statistical Review’s internationalisation was emphsised
in issue No. 63 from 2016 (Od Redakcji, 2016, pp. 5-6):
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(...) In 2015, the Editorial Board of Przeglgd Statystyczny. Statistical Review published, as
intended, four issues, most of the time with a quarterly frequency, including one issue in
English. This was the second year when it was possible to publish an issue fully in English,
which, coupled with the availability of the journal’s electronic version, greatly expanded
our audience.

Publishing scientific journals in English is now an inevitable trend, and therefore we would
like to encourage our authors to submit papers to Statistical Review in this language. In the
current calendar year, which is already the 79th year of our journal’s operations (...), our
intention is to publish two issues entirely in English. The justification for popularising
scientific results and conducting scientific discussion in English is not only that it is
a fashion of the 21st century (...). We can also refer here to the first issue of Statistical
Review published in 1938, in which the then Editorial Board clearly indicated in the
introduction that the journal would publish ‘original theoretical papers by Polish and
foreign authors’ (...), while providing the English name of the journal (Statistical Review),
as well as the titles of articles in English and reviews of publications in foreign languages
(mainly English and German). This is the tradition upon which we have been drawing
until today. It is worth recalling that the creators of Statistical Review were outstanding
Polish statisticians, who at the same time belonged to the group of the world’s greatest
statisticians, such as Professor Jerzy Neyman and Professor Jan Czekanowski.

Over the years, however, significant changes have taken place. Statistics as a science has
evolved in various directions, creating the foundations for econometrics, biometrics or
psychometrics, while statistical research has increasingly often been used in various fields
of knowledge, which frequently led to the emergence of new statistical methods and
techniques. This creates ample possibilities for publishing research results, often different
from the profile of Statistical Review. The number of journals publishing the results of the
latest research in the field of statistics and econometrics has also significantly increased. In
order to differentiate our journal from other similar periodicals and to achieve our goals
and tasks, Statistical Review refers to the best traditions of Polish official statistics (...) by
publishing the best submitted papers and performing an extremely reliable review
procedure.

I hope that the pursuit of excellence in publications will guide the entire community of
Polish statisticians and econometricians, which will result in an increasing number of
outstanding publications and in Statistical Review’s improved rating among the world’s
scientific journals.

The letter from the Editor-in-Chief was signed by Magdalena Osiniska, PhD, DSc,
ProfTit.

5.

In

Statistics Poland becomes the publisher of Statistical Review

2018, Statistics Poland became the publisher of Statistical Review, and it has

performed this role until today. This change resulted from the alterations in the
publishing policy of the Polish Academy of Sciences, but, overall, did not affect the
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general profile of the journal. The Committee on Statistics and Econometrics of the
Polish Academy of Sciences is still co-responsible for upkeeping high scientific
standards of the journal. Statistical Review remains one of the leading Polish
scientific periodicals in the field of econometrics, statistics, mathematical economics,
operational research and other subdisciplines covering broadly understood
quantitative methods in economics and their original applications.

At the beginning of this period, the journal was led by Pawet Miltobedzki of
University of Gdansk, PhD, DSc, Prof.Tit, who served as its Editor-in-Chief until
2025. Marek Walesiak of the Wroclaw University of Economics and Business, PhD,
DSc, Prof.Tit was the journal's Deputy Editor-in-Chief, while Piotr Fiszeder
(Nicolaus Copernicus University in Torun), Maciej Nowak (University of
Economics in Katowice), Emilia Tomczyk (SGH Warsaw School of Economics) and
Lukasz Wozny (SGH Warsaw School of Economics, Poland) served as co-Editors.
Dorota Ciolek of University of Gdansk was the journal’s Secretary and Managing
Editor.

Krzysztof Echaust of Poznan University of Economics and Business, PhD, DSc,
has served as the journal’s Editor-in-Chief since March 2025. The co-Editors are
recognised scholars both from Poland and abroad: Piotr Fiszeder (Nicolaus
Copernicus University in Torun), Michal Jakubczyk (SGH Warsaw School of
Economics), Bogumit Kaminski (SGH Warsaw School of Economics), Gabor David
Kiss (University of Szeged, Hungary), Aleksandra Luczak (Poznan University of Life
Sciences), Silvana Musti (University of Foggia, Italy), Maciej Nowak (University of
Economics in Katowice), Monika Papiez (Krakow University of Economics), Emilia
Tomczyk (SGH Warsaw School of Economics) and Lukasz Wozny (SGH Warsaw
School of Economics, Poland). Malgorzata Tyminska of Statistics Poland has been
the Secretary and Managing Editor of the journal.

6. Conclusion

In 1937, Przeglgd Statystyczny. Statistical Review quarterly was established as the main
organ of the Polish Statistical Association. In the years 1950-1956, the total political
control of the Communist apparatus over the social and economic life in Poland
resulted in the discontinuation of the work of various scientific organisations,
including the Polish Statistical Association, whose activities collided with the
direction of the politics of Communist countries.

At that time, Statistical Review was ‘adopted’ by the Statistics Section of the Polish
Economic Society. In the years 1954-1973, Statistical Review was published under
the editorship of Prof. Kazimierz Romaniuk, as the main organ of the above-
mentioned organisation.
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In the years 1974-2018, Statistical Review started being published by the
Committee on Statistics and Econometrics of the Polish Academy of Sciences.
During this period, the journal was led by: Wiestaw Sadowski, Zbigniew Czerwinski,
Michal Kolupa, Mirostaw Szreder, Magdalena Osifiska and Pawet Milobedzki. Since
2018, Statistics Poland has been the publisher of Statistical Review. Pawel
Mitobedzki was succeeded by the current Editor-in-Chief Krzysztof Echaust in 2025.

Thanks to the endeavours of Przeglgd Statystyczny. Statistical Review’s editors-in-
chief and all the scientific community involved with the journal for over 88 years,
despite several difficult moments in its history, Statistical Review has remained one
of Poland’s most recognised and esteemed statistical journals and one of the best
platforms for exchanging scientific thought, especially in the field of statistics and
econometrics.
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