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Figure 3. Loadings of the NS model factors
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Next, the stationarity of the resulting time series is tested using the Augmented
Dickey-Fuller (ADF) test at a significance level of 0.05. The key conclusion from the

results presented in Table 1 is that L, and S; are I(1), while C; is stationary.

Table 1. Descriptive statistics and ADF test for NS model factors

ADF ADF test
Variable | Mean | SD | Minimum | Maximum | Skewness | Kurtosis |JB statistic| test .
differences
levels
L 5.00| 2.24 0.60 10.19 0.21 2.19 307.73 | -2.02 -68.51
S -1.91| 1.90 -5.78 2.78 0.04 2.42 125.70 | -1.85 -68.73
C -1.75| 2.19 -6.69 5.93 0.04 2.77 2222 | -3.66 -

Note. The critical value for the ADF test is -3.43 at the significance level of 0.01 and -2.86 at the significance
level of 0.05.

Source: author’s calculations.

The NS factor predictors were downloaded from the Federal Reserve Economic
Database! (FRED). The following variables were selected:
e Chicago Board Options Exchange (CBOE) Volatility Index (VIX), which is

a measure of the uncertainty of the US stock market; Bekaert et al. (2013)

demonstrated that uncertainty and risk appetite are negatively related to interest

rates;

¢ Kansas City Fed’s Rate Uncertainty which reflects market expectations regarding

short-term rates, calculated using publicly traded options contracts;

' FRED tickers for these variables are respectively: VIXCLS, KCPRU, DEXUSK, DEXJPUS, DEXSZUS, DCOILWTICO,

DAAA.



24 Przeglad Statystyczny. Statistical Review 2026 | 2

¢ Exchange rates of the US dollar against the British pound (USD/GBP), Japanese yen
(USD/JPY) and Swiss franc (USD/CHF). For Japan, Akram and Li (2024)
demonstrated that exchange rates influence interest rates, as whenever a depre-
ciation (or appreciation) of the domestic currency occurs, the central bank,
following a Taylor-type rule, reacts by adjusting the interest rates to counteract the
inflationary (or deflationary) pressures;

o West Texas Intermediate (WTI) crude oil prices; according to Akram and Li (2024),
commodity prices affect inflation and thus interest rates;

e Moody’s Seasoned Aaa Corporate Bond Yield (Aaa yield); Gilchrist and Zakrajsek
(2012) showed that positive shocks to the excess bond premium have a negative
impact on economic activity, thus necessitating monetary policy easing.

The descriptive statistics of these variables are provided in Table 2. In addition to
the basic statistics, we computed skewness, kurtosis and the Jarque-Bera (JB; 1980) test
statistic in order to assess whether the variables are normally distributed. The results
in the table indicate that none of the variables is normally distributed. Interestingly,
the VIX shows the highest skewness and is leptokurtic, while the other variables
demonstrate a moderate degree of asymmetry and have platykurtic distributions.

Table 2. Descriptive statistics of the financial variables

Variable Mean sD Minimum | Maximum | Skewness Kurtosis JB statistic
VIX 19.44 7.76 9.14 82.69 2.21 11.72 35,742.63
KCPRU 0.95 0.39 0.17 2.18 0.04 212 292.04
USD/GBP 1.55 0.21 1.07 2.11 0.28 2.52 205.68
USD/JPY 114.31 17.96 75.72 161.73 0.31 3.02 139.58
USD/CHF 1.17 0.25 0.73 1.82 0.48 2.07 666.64
WTI 51.60 29.05 -36.98 145.31 0.44 2.14 570.80
Aaayield 5.60 1.75 2.01 9.68 0.23 2.23 299.64

Note. The JB test statistic has a x?(2) distribution that has the critical values of 5.99 at the 0.05 significance
level and 9.21 at the significance level of 0.01.

Source: author’s calculations.

3.2. Forecasting competition design

We divide the whole dataset of 8,930 observations (2nd January 1990-27th January 2026)
into three subsets: training (6,100 observations from the 2nd January 1990-
29th August 2014 period), validation (2,575 observations from the 30th August 2014-
16th January 2025 period) and testing (255 observations from the 17th January 2025-
27th January 2026 period). The first two datasets are used to determine the optimal
specification of the ARIMA, VAR and RF models.

In the forecasting competition, we compare four models (ARIMA, VAR, AR RE AR
RF + exogenous variables) over a 1-day horizon and three models (ARIMA, VAR, AR RF)
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across horizons up to 20 days. For each factor, we fit an ARIMA, VAR and RF model
with autoregressive predictors and RF with autoregressive and exogenous predictors.
The exact tuning procedures for each model are described below.

For the ARIMA, we use the training set and auto.arima () function in the
R forecast package, which returns the specification that optimises the Bayesian
Information Criterion (BIC).

We utilise the VARselect () function from the vars package for the VAR
model, through which we obtained the optimal lag order that minimises the BIC.

For the RF models, we used five lags of the dependent variable and one lag of the
exogenous predictors. This approach is called predictive regression (see Stambaugh,
1999), which generates 1-day-ahead forecasts without the need to forecast exogenous
predictors. As regards the hyperparameter tuning for the RF model, their values are
derived from the following algorithm. For a given set of hyperparameters, we fitted the
model using the rangerts package (based on the ranger package by Wright
& Ziegler, 2017) to the training set. We then used its predictions in the validation set
to compute the Root Mean Square Error (RMSE). We selected the hyperparameters
that optimised the RMSE statistic. The exact list of the tuned hyperparameters and
their feasible values are discussed in Section 3.3 of this article.

The testing set was used to compare the forecasting accuracy of the competing models.
For this purpose, we employed a rolling origin setup (see Hewamalage et al., 2022).
Consequently, starting from the end of the validation set (observation 8,675), we fitted
the model to generate a 1-day — ahead forecast and then added the actual observation to
the set. The process was repeated until reaching the end of the test set. The hyperpara-
meters were fixed at their validation-set optima, meaning that only the model coefficients
were re-estimated at each forecast origin.

To obtain longer horizon forecasts, we applied the recursive forecasting approach for
the three autoregressive models. Specifically, to obtain 9., 41+ (forecast for the next out-
of-sample value), we used all the necessary lags as either forecasted values if they were
from periods t + h, ... ,t + 1 or actual observations for periods ¢t,t — 1 and so on.

3.3.Tuning results

The specification of the ARIMA models is presented in Table 3. For each of the three
NS model factors, the optimal model specification utilised the first differences (d = 1)
approach. The application of a second-order autoregressive component best captured
the L; and S; variables, which exhibited high inertia. Conversely, the optimal model
for C, consisted of a first-order moving average only.
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Table 3. Optimal specification of the ARIMA models

Parameter| L | S | C
21 2| 0
11 1
q ol O 1

Source: author’s calculations.

Next, in the RF tuning procedure, the algorithm selected the optimal values from
the feasible ones (indicated in square brackets) for the following hyperparameters: the
number of variables to possibly split at each node (m,)[AR RF - 1:5; AR RF + X
- 1:11], the maximum number of splits between the beginning and end of the tree
(max depth) [3:30 for both models], the length of the bootstrap block
(block length)[1:100 for both models] and the regularisation parameter that controls
overfitting (minimum node size) [5:100 for both models].

As previously mentioned, the estimation was based on the moving-block bootstrap,
which adapts the RF method to time series analyses. To accelerate the search for the
optimal hyperparameter setting, we applied the random search approach described by
Bergstra and Bengio (2012). Instead of evaluating all possible hyperparameter
combinations, this approach samples with replacement from the feasible set. A total of
500 hyperparameter combinations were thus sampled.

The values of the hyperparameters that performed best in the validation set are
presented in Tables 4 and 5. From among all the variables and models, the optimal
block length comprised approximately 15 observations, which is the equivalent to
three trading weeks. The models for C; had grown deeper than for the other variables;
this may mean that more intricacy is necessary for the proper forecasting of this factor
than in the case of the other two. Regarding the m,,,, parameter in the autoregressive
models, the value of four across all factors meant that the algorithm used four out of
the five available lags to construct one tree. In the models incorporating exogenous
predictors, the algorithm naturally selected a larger number of regressors per tree; for
Ly, on the other hand, the requirement was lower by two. The minimum node size
hyperparameter is closely tied to the max depth. The deeper the tree, the smaller the
final node size and vice versa. Both regularisation hyperparameters were optimised to
address two different sources of overfitting.



M. M. Olszewski Yield curve forecasting using the Nelson-Siegel model. A comparison... 27

Table 4. Optimal hyperparameters for RF with autoregressive predictors

Hyperparameter L] S| C
block length 150 15| 12
max depth 9| 9| 17
Meyy 4| 4| 4
minimum node size 18] 18| 19

Source: author’s calculations.

Table 5. Optimal hyperparameters for RF with autoregressive and exogenous predictors

Hyperparameter L|S|C
block length 14|17 17
max depth 7| 25| 25
Mery 8| 10| 10
minimum node size 35| 6 6

Source: author’s calculations.

3.4. Accuracy of the forecast

The aim of the presented research is to verify whether autoregressive RFs are able to
deliver additional forecasting power in comparison with ARIMA and VAR models and
whether adding financial predictors improves the forecast accuracy of the latent
factors. For this purpose, we analysed the 1-day-ahead forecasts generated by each of
the four competing methods. Then, we discuss the forecasts of the three strictly
autoregressive models over longer forecast horizons.

3.4.1. One-day-ahead forecasts

Table 6. Root mean square forecast error of NS model factors; 1-day-ahead forecasts

Factor ARIMA Autoregressive RF VAR Autoregressive RF with exogenous variables
L 0.0548 0.0593 0.0542 0.0572
S 0.0563 0.0603 0.0575 0.0604
C 0.1581 0.1672 0.1609 0.1688

Source: author’s calculations.

We calculated the root mean square forecast error (RMSFE) for each model and
factor. The results in Table 6 show that for each factor, ARIMA outperformed both RF
types. It was evident that C;, was more difficult to forecast than L, and S;. Interestingly,
adding financial covariates to the RF increased the forecast accuracy only for the Level
factor. Additionally, despite its regularisation hyperparameters, RF proved susceptible
to overfitting on the slightly noisy daily data.
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In the final phase of our research, we tested whether the differences in forecast
accuracy between the models is statistically significant. For this purpose, we
performed the Diebold-Mariano (1995, DM) test, which uses ARIMA as a benchmark.
Table 7, which contains the p-values of the DM tests, indicates that the use of RFs leads
to statistically significant deterioration in forecasting accuracy rather than an
improvement, compared to the traditional ARIMA and VAR benchmarks. These
findings are at odds with the other studies discussed in the Introduction. Since our
analysis is limited to the US market, the discussion that follows concerns the validation
design of these studies rather than a direct comparison of forecast accuracy. The
observed discrepancy may stem from data leakage, which is not always controlled by
other researchers. For example, Kim et al. (2020) do not provide a clear validation
strategy as they discuss the partition of their dataset into training and test subsamples
only; in addition, they do not disclose which country the data come from.
Furthermore, they did not ensure a level playing field for classical and ML models, e.g.
they restricted the classical approach to an NS model with AR(1) factors only. This is
consistent with the broader concerns raised by Hewamalage et al. (2022) and Puglia
and Tucker (2020) regarding leakage (even unintentional) and validation design.
Additionally, due to publication bias, many articles that do not find a significant
advantage of using ML methods are simply not published.

Table 7. DM test p-values for 1-day-ahead forecasts

ARIMA vs Autoregr.esswe
. VAR vs RF with
ARIMA vs VAR vs Autoregressive .
ARIMA . . . Autoregressive RF exogenous
Factor Autoregressive | Autoregressive RF with . ;
vs VAR with exogenous variables
RF RF exogenous . .
f variables vs Autoregressive
variables
RF
L 0.7883 0.0044 0.0006 0.0317 0.0074 0.0282
S 0.0352 0.0044 0.0362 0.0141 0.0638 0.5354
C 0.0488 0.0233 0.0603 0.0248 0.0669 0.6543

Note. H1: Model 1 is better than model 2.
Source: author’s calculations.

3.4.2. Forecasts for 1- to 20-day horizons

In this section, we compare forecasts from the three autoregressive models across
horizons from 1 to 20 days. Figures 4-6 demonstrate that all the models tend to
provide mean-reverting forecasts. Furthermore, they fail to predict sudden, sharp
changes of the latent factors. It is worth noting that the autoregressive RFs return
volatile forecasts, whereas ARIMA and VAR models provide smooth trajectories of
future values.
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Figure 4. Sequential forecasts for the Level factor

Mar 2025 Jun 2025 Sep 2025 Dec 2025 Mar 2026

VAR

Mar 2025 Jun 2025 Sep 2025 Dec 2025 Mar 2026

Autoregressive RF

Mar 2025 Jun 2025 Sep 2025 Dec 2025 Mar 2026

Source: author’s calculations.

Figure 5. Sequential forecasts for the Slope factor
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Source: author’s calculations.
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Figure 6. Sequential forecasts for the Curvature factor
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Source: author’s calculations.

Table 8 shows the RMSFEs of the three autoregressive models across longer
horizons, while Table 9 presents the p-values of the DM test that allows the verification
of the significance of pairwise forecast accuracy differences. To account for serial
correlation in the loss differential at longer horizons, the long-run variance is
estimated using autocovariances up to lag h-1, where h denotes the forecast horizon
(see more in Diebold & Mariano, 1995).

Table 9 suggests that at a 0.05 significance level, ARIMA outperforms considerably
VAR just for 7 out of 20 horizons for L;, and for S; and C; in the case of 1-day-ahead
forecasts only. ARIMA yields better results than the autoregressive RF across all
20 horizons for L, and S;; similarly, it dominates in forecasting C; up to h = 14 (with
the exception of h = 2 and h = 10). VAR generates more accurate forecasts than the
autoregressive RF for L, up to h = 13; however, it fails to outperform the RF
significantly at any of the horizons for S; (except h = 1). For C;, VAR performs more
efficiently for horizons fromh =3 toh = 13.
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4. Conclusions

The principal finding of this study is that the persistent use of ML methods for
modelling the US yield curve is not always superior to classical approaches. We have
found that using ARIMA and VAR for modelling the NS model parameters
outperforms the RF (with time-series specific bootstrap) approach in 1-day-ahead
forecasts. Adding financial variables to the autoregressive RFs significantly improved
the forecasts for the Level factor only. These conclusions suggest that the RFs tended
to overfit to the noise in the daily data and that the daily NS factors are just heavily
autocorrelated. Therefore, more parsimonious models such as ARIMA or VAR remain
effective in capturing the whole signal and providing accurate forecasts.

Likewise, for longer forecast horizons (up to 20 trading days), ARIMA and VAR
models outperformed the RE. Compared to the RF, ARIMA generated more accurate
forecasts for all the factors, whereas VAR provided better forecasts for the Level and
Curvature factors. Interestingly, ARIMA generated more accurate forecasts for the
Level and Slope factors (although not statistically significant as far as the second
variable is concerned) than VAR. Curvature forecasts, however, were more accurate
when made from the VAR model, probably because lagged values of the two other
factors allow a better understanding of the yield curve’s curvature.

The yield forecasts from all three models were sometimes systematically higher or
lower than the actual values. This indicates the presence of a cross-section error
stemming from a poor fit of the NS model to the actual yield curve. It is worth noting
that this is an inherent fitting error as the NS decomposition is only an approximation
of the yield curve. This may also result from using a fixed A that can vary from the
optimal A for each day. The main advantage of using a fixed A is that it allows the
comparability with other studies.

This study additionally emphasises the need for rigorous data-leakage protection
and addressing the problem of publication bias in the ML field.
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Risk mitigation in a volatile US equity market:
A comparative analysis of hedging with index
futures and investing in gold as a safe haven

Krzysztof Echaust,® Agnieszka Lach®

Abstract. The aim of this paper is to compare two alternative strategies for protecting a US stock
market portfolio against market risk during four major stock market crashes: the Global Financial
Crisis, the European Sovereign Debt Crisis, the COVID-19 pandemic and the Russia-Ukraine war.
Hedging with the S&P 500 index futures is compared with investing in gold as a safe haven based
on the risk minimisation criterion. The effectiveness of the protection strategies is verified for
portfolios that differ in terms of the number of constituents which range from single-asset to
well-diversified portfolios. The results vary depending on the specific crisis, portfolio size and
time horizon. However, hedging with index futures tended to provide more effective long-term
protection, particularly for larger portfolios.

Keywords: hedging, safe haven, futures, gold, portfolio
JEL: G11,G13, C58

1. Introduction

In the last 20 years, four major events have shaken global financial markets. The most
significant was the Global Financial Crisis (GFC) of 2007-2009, triggered by subprime
lending, inflated housing prices and poorly regulated mortgage-backed securities. The
bankruptcy of the Lehman Brothers on 15th September 2008 was the most dramatic
moment, pulling financial markets down. The European Sovereign Debt Crisis
(ESDC) was a multi-year financial crisis that began after the GFC, affecting several
Eurozone member states. It was triggered by a combination of high government debt,
vulnerable banking systems and weak economic growth, particularly in countries such
as Greece, Ireland, Italy, Portugal and Spain. In early August 2011, global financial
markets sharply declined due to the growing fears of a Greek default and contagion
throughout the Eurozone. A more recent crisis was caused by the COVID-19
pandemic, which was officially declared as such by the World Health Organization
on 11th March 2020. It led to an unprecedented global economic shock. Widespread
lockdowns, supply chain disruptions and a collapse in consumer demand triggered
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a global recession. The fourth crisis began with Russia’s invasion of Ukraine on
24th February 2022, causing further economic disruption across Europe. The conflict
resulted in a major energy crisis, involving spikes in gas, electricity and crop prices,
which accelerated inflation.

Portfolio diversification aims to reduce risk by investing in uncorrelated assets.
However, it cannot eliminate systematic risk, which affects the entire market. During
market crashes, both volatility and correlations between assets tend to increase
(Sandoval & Franca, 2012). Thus, diversification weakens when most needed,
prompting investors to shift from risky assets like stocks and corporate bonds to safe
havens. According to Baur and Lucey (2010), safe-haven assets are uncorrelated or
negatively correlated with the reference asset in times of a market crash.

Based on the Modern Portfolio Theory, such investments allow investors to reduce
the overall risk of their portfolios. A wide range of instruments serving as safe havens
have been analysed in the recent literature, including precious metals (Baur & Lucey,
2010; Baur & McDermott, 2010; Beckmann et al., 2015; Boubaker et al., 2020; Echaust
& Just, 2022), bonds (Drobetz et al., 2020; Pisedtasalasai, 2021), oil (Batten et al., 2021;
Disli et al,, 2021), agricultural commodities (Ali et al., 2020), foreign exchange rates
(Cho & Han, 2021; Dong et al, 2021; Siemaszkiewicz, 2023), cryptocurrencies
(Bedowska-Sojka & Kliber, 2021; Conlon & McGee, 2020; Goodell & Goutte, 2021; Just
& Echaust, 2024; Kliber et al.,, 2019; Mizerka et al., 2020), and other non-traditional
assets (Siemaszkiewicz & Let, 2020). Among them, gold is perceived as the traditional
and most efficient safe haven.

A large body of literature emphasises the role of gold as a safe-haven asset. Baur
and McDermott (2010) examine the safe-haven properties of gold for equities across
53 emerging and developed countries over a 30-year period (1979-2009). They show
evidence that gold is a strong-form safe haven for most major developed stock
markets. Boubaker et al. (2020) provide long-run evidence, showing that gold
functions as a hedge against risk over a period of more than seven centuries,
depending on the model specification. Similarly, Klein (2017) finds that gold and
silver act as safe havens in developed markets, although their effectiveness weakens
after 2013. Beckmann et al. (2015) show that gold’s safe-haven property is market-
specific across 18 stock markets and five regional indices, likely reflecting differences
in market structure and capital flows. Focusing on crisis episodes, Dong et al. (2021)
and Ji et al. (2020) demonstrate that gold can protect portfolios against extreme equity
losses, particularly during the GFC and the COVID-19 pandemic. Banerjee and
Pradhan (2024) confirm the similar safe-haven behaviour of gold for U.S. equities
using high-frequency data during COVID-19. In emerging markets, Wen and Cheng
(2018) also support the safe-haven role of this commodity using copula methods,
while Ryan et al. (2024) show that gold should be used as a safe haven against S&P 500
risk during periods of macroeconomic uncertainty.
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An alternative investment strategy used to protect portfolios against losses during
market crashes is hedging with derivatives. It allows investors to temporarily offset
portfolio losses with profits generated from these derivatives. The use of linear
derivatives such as forwards or futures requires, unlike safe-haven instruments, a high
correlation between these contracts and the underlying risk exposure. Correlation is
therefore a key factor in determining whether a particular asset is suitable for a given
hedging strategy, as periods of financial distress not only disrupt the functioning of
financial markets through the transmission of shocks, but also significantly increase
market interdependence (Forbes & Rigobon, 2002). This heightened interdependence
may amplify crises, disrupting both financial markets and real economic activity. This
proves that accounting for market interconnections is crucial to understanding
financial market behaviour (Fatdzinski & Pietrzak, 2015).

Numerous studies have examined the same protective assets — predominantly gold,
oil and cryptocurrencies — against stock market risk, considering their roles in long
positions as safe havens as well as in short positions as hedging instruments. However,
these two strategies require assets with fundamentally different characteristics. While
instruments like gold, oil or cryptocurrencies may serve as safe havens, they are
inappropriate for a hedging strategy against stock market risk. Echaust et al. (2024)
show that these instruments cannot compete with index futures in a hedging role. We
aim to compare the effectiveness of both strategies within the minimum variance
framework in the context of four major market crashes: the Global Financial Crisis,
the European Sovereign Debt Crisis, the COVID-19 pandemic, and the Russia-
Ukraine war. Unlike previous studies, we compare gold as a safe-haven asset with S&P
500 futures as a hedging instrument against the risk exposure of equity portfolios of
varying sizes. Although the safe-haven strategy may be perceived as offering longer-
term protection than hedging, Baur and Lucey (2010) showed that in practice gold is
a safe haven only in the short run. Safe havens have been one of the most extensively
explored subjects in the financial literature in recent years (Anas et al., 2024);
therefore, it appears both reasonable and indeed necessary to compare these two key
risk-mitigation strategies.

We contribute to the existing literature in two ways. First, we compare a safe-haven
strategy in the spirit of Baur and Lucey (2010) with a hedging strategy. We evaluate
their effectiveness in the U.S. stock market during four global stock market crashes.
Our study considers gold as a safe haven and S&P 500 futures as a hedging instrument
against stock portfolio risk. These assets are likely to be the first choice for many
investors, which makes our study highly relevant from a practical perspective. Second,
unlike most existing studies, we examine the protection of stock portfolios that vary
in the number of constituents, rather than using broad market indices. Limiting the
analysis to market indices would place the hedging strategy in a favourable position,
as it would result in near-perfect hedging. However, small equity portfolios typically
show lower correlation with index futures, which limits the effectiveness of hedging.
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2. Methods

2.1. The choice of a stock portfolio

Let us assume that an investor on the brink of a financial crash (the last day of the
portfolio construction period shown in Figure 1) holds a stock portfolio ranging from
a single stock to a fully diversified one, including all S&P 500 constituents. The stocks
in the portfolio are selected based on a variance minimisation criterion calculated
from a one-year sample, with short selling restricted. This assumption ensures
consistency in our subsequent analysis of portfolio protection, as both the hedging
ratio and the optimal weights of the safe-haven asset are determined using the same
criterion. Furthermore, we consider two approaches to portfolio construction: the first
is the minimum variance portfolio according to Markowitz (1952), and the second is
based on equal-weighting.

2.2.Investing in a safe haven

Let us assume that the investor holds a long stock portfolio position chosen according
to Subsection 2.1. and a long position in a safe haven. The overall portfolio (after
adding a safe-haven asset to the stock portfolio) return rp ;, at time ¢ is

Tpe = Wst " Tse T Wshe " Tsaye (1)

where 75, and 75y, denote return on the stock portfolio and the safe haven,
respectively, and wg,; and wgy  denote their weights in a portfolio, such that wg, +
Wspe = 1.

The formula for an optimal (minimum variance) weight of a safe-haven asset is given

by

0 for Wsge <0
Wspe = A Wspe for 0 <wgy, <1, (2)
1 for Wepe > 1

where

Usz,t — Cov(7s, Tsp,t)

2 2 ) )
Osye + 0s5¢ — 2 Cov(Tse, Tspe)

€)

* —
Wsht =

where 0¢;, 0&; ; denote variances of the stock portfolio and the safe haven, respectively,
and Cov(7s¢, 75y ¢) denotes the covariance between the stock portfolio and safe haven
returns.
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2.3. Short hedging with futures

Let us assume that the investor holds a long stock portfolio position chosen according
to Subsection 2.1. and adopts a short futures position to hedge the portfolio. The
overall portfolio (after hedging the stock portfolio with a futures contract) return rp ;,
at time ¢ is

Tpe =Tse — Ny T, (4)

where 75, and 1, denote returns on the stock portfolio and the futures, respectively,
and h; denotes the hedge ratio. The minimum variance optimal hedge ratio at time ¢
is as follows:

h, = CO”(TS,t‘TF,t). (5)

Of¢
2.4, Effectiveness of the protection strategy

In order to compare the performance of the chosen protection strategy, we employ
a well-known performance measure for the variance minimisation problem, designed
to evaluate the effectiveness of a hedging strategy (Ederington, 1979), namely:

Variance of a protected portfolio

Effectiveness = 1 —

Variance of a stock portfolio (6)

This ratio reflects how well a protective strategy minimises the variance (in
percentage terms) of a stock portfolio. The ratio of 0 means the protection strategy
provides no risk reduction, while the ratio of 1 indicates perfect effectiveness, fully
reducing the variance of the underlying exposure.

3.Data

The data were obtained from the Refinitiv Eikon database and include stock prices,
E-mini S&P 500 Index Futures (EScl) and gold spot prices quoted in U.S. dollars per
ounce (XAU=). The sample includes S&P 500 constituents with complete price
histories, defined separately at the onset of each crisis. For every crisis, the portfolio
construction period is defined as the one-year interval immediately preceding the crisis
onset, while the portfolio evaluation begins on the crisis onset date (15th September
2008, 1st August 2011, 11th March 2020 and 24th February 2022). The evaluation will
be conducted over four different horizons: weekly, monthly, semi-annual and annual.
The details are provided in Table 1 and Figure 1.
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Table 1. Portfolio construction and evaluation periods

Crisis

Construction period

Full evaluation period

Global Financial Crisis
European Sovereign Debt Crisis
COVID-19 pandemic
Russia-Ukraine war

Source: authors’ work.

15-09-2007 - 14-09-2008
01-08-2010 - 31-07-2011
11-03-2019 - 10-03-2020
24-02-2021 - 23-02-2022

15-09-2008 - 14-09-2009
01-08-2011 - 31-07-2012
11-03-2020 - 10-03-2021
24-02-2022 - 23-02-2023

Figure 1 clearly shows that the assumed crash start dates separate the period of low

volatility (the portfolio construction period) prior to the outbreak of the crash from

the subsequent increase in volatility during the evaluation periods. The most

spectacular increase in volatility is observed during the periods of the GFC and

COVID-19 pandemic.

Figure 1. Construction and evaluation periods

Global Financial Crisis

European Sovereign Debt Crisis
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Note. The figure illustrates returns of the Markowitz portfolio comprising 10 constituents.

Source: authors’ work.

4, Empirical study

This section focuses on the construction phase, analysing such key factors as correlation
and variance used in the static approach. Weights and hedge ratios are calculated on the
last day of the construction period and remain fixed throughout the evaluation phase.
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4.1. Correlations, variances, weights and hedge ratios during portfolio
construction phases

Figure 2 shows the correlations between stock portfolios of different sizes and index
futures or gold during construction phases and Figure 3 shows variances of stock
portfolio, futures and gold. The correlation between stock portfolios and gold is
expected to be close to zero or negative, whereas the correlation between stock
portfolios and index futures should be close to one for effective hedging. Correlations
with Markowitz portfolios tend to stabilise when the number of assets exceeds a few
dozen constituents, as beyond a certain portfolio size, the optimisation algorithm adds
new stocks but assigns them zero weight. For equally-weighted portfolios, correlations
with gold decrease, while correlations with index futures increase along with the
number of constituents.

Markowitz portfolios consistently exhibit lower variance than equally-weighted
portfolios (see Figure 3). The variance of a Markowitz portfolio consisting of several
stocks becomes nearly constant. This supports the findings of Elton and Gruber
(1977) and Eom et al. (2021) that a portfolio should consist of maximum 20-50 stocks
to significantly reduce the unsystematic risk through diversification. To further
reduce variance, the portfolios will be combined with a safe-haven asset in a long
position or an index futures contract in a short position.

Figure 2. Correlations between stock portfolios and gold, and between stock portfolios
and index futures during the construction period
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Figure 3. Variances of stock portfolios, gold and S&P 500 futures across the construction phases
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Source: authors’ work.

Figure 4 presents the asset weights in portfolios composed of a stock portfolio and
a protection asset. For the Markowitz portfolio, the compositions are fairly stable, except
for small portfolios. Equally-weighted portfolios, on the other hand, change with each
added stock. The weight of gold in an equally-weighted portfolio reaches minimum for
a portfolio consisting of several stocks and then increases as the portfolio size expands.
The hedging ratio for an equally-weighted portfolio systematically converges to one as
the portfolio size increases, indicating full hedging. The highest gold weights are
observed in the year preceding the onset of the COVID-19 pandemic. This results, on
the one hand, from the lowest correlation between the constructed portfolios and gold
(Figure 2) and, on the other hand, from the exceptionally low volatility of gold (Figure 3).
Assuming these relationships persist throughout the evaluation period, gold may be
expected to be the most effective safe haven during this crash period.
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Figure 4. Portfolio weights (hedging ratios in the case of the hedging strategy)
for the considered strategies
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Source: authors’ work.

4.2, Effectiveness of protection strategies

Given the predetermined portfolio allocations, we examine the out-of-sample
performance of the protected portfolio across four time horizons: one week, one
month, six months and one year, beginning at the onset of the market crash. The
evaluation focuses on portfolios containing no more than 50 stocks, as clear trends
form in this range and small portfolios exhibit the highest volatility.

The effectiveness shown in Figure 5 depends on the chosen portfolio construction
method, the portfolio size, the tested crash and the time horizon of the analysis. For
small portfolios, the effectiveness measure fluctuated considerably, especially at the
beginning of the GFC. During its first week, gold proved to be an effective safe haven,
in particular for an equal-weighted stock portfolio with at least a dozen constituents.
Its effectiveness was on average 72% (for portfolios of 15-30 stocks), compared to
around 55% for futures contract. In the other horizons considered, the S&P 500
futures contract reduced portfolio volatility much more effectively, regardless of the
portfolio’s size. During the ESDC, hedging with futures definitely outperformed the
safe-haven strategy with the effectiveness higher by 35%-57% (for portfolios of 11-50
stocks), regardless of the hedging horizon. During the COVID-19 pandemic, gold
offered superior protection for small portfolios (up to nine constituents). For larger
portfolios, hedging turned out as the more effective risk-mitigation strategy, although
the differences between both approaches were considerably less pronounced than
during the two preceding crises. The analysis of the last crash, caused by the Russia-
Ukraine war, yields more ambiguous results. Gold provided better protection during
the initial phase of the war (week and month). The effectiveness advantage of gold
over futures was significantly higher (by 19%-67%) for portfolios of 1-10 stocks, but
this advantage diminished as the size of the portfolio increased. In the long run, gold
also outperformed futures for portfolios with a few constituents. However, for larger
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portfolios it was the opposite: the larger the portfolio, the greater the efficiency
advantage in favour of the hedging strategy.

In all the cases, variance reduction was greater for equally-weighted portfolios than
for Markowitz portfolios. This could be expected, as equally-weighted portfolios are
typically characterised by higher variance. Furthermore, when hedging with index
futures, the reduction in the variance increases along with the growing portfolio size.
However, for safe-haven assets, the variance reduction mostly decreases as the
portfolio grows. The most effective strategy is hedging an equally-weighted stock
portfolio with index futures. This result is intuitive: as the number of stocks increases,
the equally-weighted portfolio converges towards the S&P 500 index, which can then
be effectively hedged with index futures. In contrast, the safe-haven strategy is found
to be the least effective for the Markowitz portfolio among all strategies considered.
A safe-haven strategy is essentially diversification through a specific asset. For a well-
diversified portfolio, gold is not able to further significantly enhance the diver-
sification effect.

Figure 5. Effectiveness (static approach — 1-year construction window)
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Note. The figure illustrates the effectiveness of the protection strategies calculated according to Equation (6).
Source: authors’ work.
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The results presented in Table 2 show the average effectiveness of the considered
protection strategies for underlying portfolios consisting of 1-50 constituents.
Comparisons across crises should be interpreted with some caution, as each of these
periods was characterised by a different level of underlying risk. It is therefore more
informative to examine effectiveness across evaluation horizons. Except for the weekly
horizon, which is very short and produces highly varied results, a general pattern can
be observed: as the protection horizon increases, in most cases the effectiveness of the
protection strategies tends to decrease. This likely reflects market conditions changing
over time, while the optimal strategy does not fully adjust to these dynamics, leading
to a gradual loss of effectiveness.

Table 2. Average effectiveness of protection strategies

Static approach Dynamic approach
Evaluation Crisis Gold Sp500 Gold SP500 Gold SP500 Gold SP500
period EW EW M M EW EW M M

1w GFC 0.59 0.51 0.28 0.38 0.55 0.67 0.21 0.76
ESDC 0.26 0.69 0.25 0.68 0.40 0.70 0.40 0.70
COVID-19 0.61 0.64 0.57 0.60 0.93 0.71 0.92 0.63
RUS_INV 0.61 0.45 0.60 0.45 0.71 0.42 0.61 0.39
™ GFC 0.40 0.78 0.34 0.67 0.60 0.85 0.59 0.81
ESDC 0.47 0.83 0.46 0.83 0.66 0.88 0.65 0.87
COVID-19 0.54 0.59 0.50 0.53 0.77 0.56 0.76 0.48
RUS_INV 0.58 0.42 0.56 0.41 0.57 0.34 0.54 0.33
6M GFC 0.29 0.78 0.24 0.70 0.43 0.83 0.41 0.80
ESDC 0.29 0.77 0.28 0.74 0.35 0.78 0.33 0.75
COVID-19 0.52 0.58 0.48 0.52 0.73 0.56 0.72 0.48
RUS_INV 0.40 0.58 0.39 0.57 0.53 0.61 0.53 0.62
1Y GFC 0.29 0.75 0.24 0.68 0.42 0.79 0.39 0.77
ESDC 0.25 0.74 0.24 0.70 0.31 0.75 0.29 0.70
COVID-19 0.49 0.57 0.45 0.51 0.66 0.55 0.64 0.47
RUS_INV 0.32 0.61 0.31 0.60 0.42 0.69 0.42 0.69

Note. This table presents the average effectiveness of the analysed strategies. The left panel (static approach)
shows the results for the strategies described in this section, while the right panel the results for the strategies
described in Section 5.2. EW denotes equal-weighted portfolios, while M refers to Markowitz portfolios.

Source: authors’ work.

5. Robustness check

5.1. Effectiveness of protection strategies: 6-month construction period

In this subsection, we present the results as in the baseline approach, replacing the
annual construction period with a half-year period. The results of the protection
effectiveness are presented in Figure 6. Overall, the findings remain largely
unchanged, indicating that the results are robust to the length of the portfolio
formation window. The relative effectiveness of hedging and safe-haven strategies
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across different crashes, portfolio sizes and investment horizons remains virtually
unchanged compared to the baseline specification, with only negligible differences
observed.

Figure 6. Effectiveness (static approach - 6-month construction window)
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Note. The figure illustrates the effectiveness of the protection strategies calculated according to Equation (6).
Source: authors’ work.

5.2. Effectiveness of protection strategies - dynamic approach

In this subsection, we extend the baseline analysis by allowing the protection strategy to
be rebalanced on a daily basis. On the one hand, this approach does not restrict the
evaluation of the strategy’s effectiveness to only two dates, thereby enabling investors to
adjust their decisions in a more flexible and potentially more efficient manner. On the
other hand, more frequent rebalancing generates higher expenses and may reduce
investment profitability (Latoszek & Slepaczuk, 2020). While in the baseline approach
transaction costs have only a limited impact on the effectiveness of the strategy, as they
occur only once at the initial stage, daily rebalancing would substantially increase their
importance. Nevertheless, in this part of the study we do not consider transaction costs
either. Transaction costs in the futures market are typically charged on a per-contract
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basis rather than as a percentage of transaction value, as is commonly the case in equity
markets. Accounting for such costs would therefore require additional assumptions
regarding the portfolio size.

We compare the effectiveness of both strategies using a dynamic approach based
on the Engle (2002) DCC model. Model-driven futures-hedging strategies are not
explicitly addressed in this study. However, related evidence described in Michankéw
et al. (2023) shows that the effectiveness of hedging depends to a large extent on the
choice of signal-generation methods within algorithmic investment strategies. Their
results indicate that model-based forecasts can materially affect diversification and
hedging performance, particularly in turbulent markets. However, incorporating such
model-specific elements introduces a range of additional issues that move the analysis
away from the generality of the presented results.

Let us denote a two-dimensional vector by €; = (€14,€,¢)". The DCC model
assumes that:

€|Q¢_1~N(0,H;),H, = D.R;D¢, (7)

where Dy = diag(y/hy1,t,+/h22,) and conditional variance h;; ; is modelled using the
GARCH-type model. The conditional correlation matrix R, is expressed by

R, = (diag(Q.)) 2Q:(diag(Q)) 2, (®)

with
Q:=0-a-b)Q" +az,_1z;_; +bQ,_4, )

where Q" is the unconditional covariance matrix of z; (zi‘t =€t/ \/m ), and g, b are
parameters such thatg, b>0anda+b < 1.

We use the standard GARCH(1,1) approach proposed by Bollerslev (1986) with
Gaussian innovations to model the conditional volatility. We extend the estimation
window to two years to provide a sufficient amount of data for this model (Hafner
& Reznikova, 2012). For the starting sample (two years prior to the onset of each
crash), we estimate the parameters of the model and compute one-day-ahead forecasts
of the conditional covariance matrix, which are necessary for calculating the hedge
ratios and the weights of gold. Subsequently, the estimation sample is updated by
including a new observation and removing the oldest one. Next, we re-estimate the
model and generate forecasts using the updated estimation sample. This algorithm is
repeated iteratively until forecasts are obtained for the last day of the evaluation window.
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The entire procedure enables us to compute the forecast of returns of the protected
portfolio. Similarly to the baseline approach, portfolio variances and, consequently,
effectiveness are computed using the same weekly, monthly, semi-annual and annual
horizons starting with the crash. The final results are presented in Figure 7. The effective-
ness shown in these plots behaves in the same way as in the static approach during the
first two crises and the last one. The hedging strategy outperforms the safe-haven
strategy, with minor exceptions already discussed in Subsection 4.2. During the
COVID-19 pandemic, investing in gold outperformed the hedging strategy in all cases.
However, the differences in the efficiency between the strategies became less
pronounced as the number of portfolio constituents was growing.

Figure 7. Effectiveness (dynamic approach)
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Note. This figure illustrates the effectiveness of the protection strategies calculated according to Equation (6).
Source: authors’ work.

The results presented in the right panel of Table 2 for the dynamic strategy are
similar to those obtained for the static strategy. Excluding the weekly horizon, a longer
protection horizon is associated with a gradual decline in effectiveness. However,
when comparing the static and dynamic approaches, the latter exhibits higher
effectiveness in the majority of cases. Rebalancing the optimal protection strategy is
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associated with a greater ability to follow market trends and to adjust the investment
allocation to changing market conditions. However, in practice such a strategy would
also generate transaction costs, which in turn would reduce its net effectiveness.

5.3. Maximum drawdown

Although variance is the most widely used risk measure in the context of this study, it
represents only the volatility dimension of the overall risk. Therefore, in this section
we analyse the level of risk reduction, understood as the portfolio loss mitigated
through the implementation of a protection strategy. Maximum drawdown (MDD)
was selected as the risk measure, as it represents the largest peak-to-trough decline in
portfolio value over a given period. In practice, this measure represents the worst-case
scenario for an investment over a specific time horizon:

_ Vpeak - Vtrough

Vpeak

(10)

In our study, peak value Vpeqi corresponds to the last day of the construction
period, while the specific time horizon refers to the full evaluation period, namely one
year. We introduce the effectiveness of the protection strategy in the following way:

Effectiveness = MDD of a stock portfolio — MDD of a protected portfolio. (11)

The final results showing the effectiveness of the protection strategies are shown in
Figure 8. The maximum drawdown duration (the number of days from peak to
trough) differed only slightly across the portfolios, regardless of the portfolio size. For
the unprotected portfolios, the most frequent (modal) maximum drawdown duration
was 171 days during the GFC, 9 days during the ESDC, 12 days during COVID-19
and 163 days during the war. The plots presented in this figure strongly resemble those
in Figure 5 for variance. The similarity is particularly visible for the semi-annual/
annual periods during the GFC and the war, as well as for the weekly/monthly periods
during COVID-19, which corresponds to the mode of the MDD duration. Regardless
of the type of crisis, hedging effectiveness exceeded that of investing in gold for
portfolios containing at least several assets. During the ESDC, hedging with index
futures generally outperformed the safe-haven strategy, although the differences
between the two were less pronounced than under the variance-minimisation
criterion.
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Figure 8. Effectiveness measured using the maximum drawdown metric
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Note. The figure illustrates the effectiveness of the protection strategies calculated according to Equation (11).
Source: authors’ work.

5.4. Random portfolios

The main objective of this study is to compare the effectiveness of hedging strategies
with investment in a safe-haven asset. The vast majority of previous studies address
this problem from the perspective of variance minimisation; therefore, equity
portfolios are constructed following the same criterion. In this subsection, we
compare the effectiveness of these strategies relative to equally-weighted portfolios
generated using Monte Carlo simulations. Portfolios of varying sizes were randomly
selected from all constituents of the S&P 500 index and their risk is mitigated using
either index futures or gold. This process is repeated 1,000 times to ensure robust
statistical results. The results are indicated in Figure 9 as shaded bands representing
the 95% confidence interval, with the central line denoting the median.

Overall, the shape of the plots closely resembles those obtained previously for
minimum variance portfolios, suggesting that the observed relationships are robust to
the portfolio construction method. As shown in Figure 9, the confidence intervals for
effectiveness do not overlap for the semi-annual and annual evaluation horizons and
for larger portfolios, indicating that the difference between the two protection
strategies is statistically significant. Hedging effectiveness increases as the number of
assets in the portfolio grows, while the effectiveness of gold as a safe haven gradually
declines. The exception is the pandemic period, where the differences between the
effectiveness of the two strategies are not statistically significant (the confidence
intervals overlap), except for the weekly horizon. In contrast, during ESDC, hedging
outperforms investing in a safe haven in all evaluation periods for portfolios
containing more than a few stocks. An important finding is that there is no case, at
the 5% significance level, in which investing in gold is more effective for risk
mitigation than hedging with futures contracts.
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