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Simulation studies of algorithmic collusion often summarise results through average
prices and profits. Such summaries conceal the variety and distribution of distinct
prices, cycles, and collusive regimes. This limitation is salient given that game
theory predicts multiple equilibria, implying a distribution rather than a single
outcome. This paper examines the heterogeneity hidden by aggregate metrics in a
sequential pricing duopoly with Q-learning agents. Using Klein's (2021) framework,
simulations cover three memory configurations: symmetric one-period, one-period
versus none, and one-period versus two-period memory. K-means cluster analysis
of steady-state prices reveals a spectrum: monopoly focal price equilibria, collusive
focal price equilibria at non-monopoly grid points, and incomplete Edgeworth cycles
with supra-competitive averages. These regimes are consistent with the multiplicity
of Markov-perfect equilibria in Maskin and Tirole (1988). In the symmetric baseling,
the monopoly outcome is a minority. Memory asymmetry eliminates or reduces
cycling and raises the share of fixed-price outcomes, stabilising rather than breaking
collusion. Aggregate numbers collapse qualitatively distinct results into a single
figure; cluster analysis uncovers the hidden heterogeneity behind those averages and
shows that algorithmic coordination spans a spectrum of regimes rather than a single
outcome. For competition policy, instruments that distinguish pricing regimes are
more informative than price-level benchmarks alone.
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1. Introduction

The widespread adoption of algorithmic pricing has fundamentally changed
the dynamics of competition in many markets. From gasoline retailing to
e-commerce, firms increasingly delegate pricing decisions to self-learning
algorithms that adjust prices in real time based on observed market conditions.
A growing body of research warns that such algorithms, even without explicit
communication, may autonomously learn to coordinate on supra-competitive
prices (Ezrachi & Stucke, 2016; Calvano et al., 2020). This possibility —
“algorithmic collusion” — challenges the foundations of competition policy,
which traditionally relies on evidence of explicit agreements between human
decision-makers (Harrington, 2018).
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A central insight from the recent literature is that simple reinforcement
learning algorithms, such as tabular Q-learning, are capable of converging to
collusive outcomes in both simultaneous and sequential pricing games
(Calvano et al., 2020; Klein, 2021). Klein (2021), in particular, demonstrates
that in a sequential duopoly with a limited set of discrete prices, Q-learning
agents consistently coordinate on outcomes that yield average per-period
profits well above the competitive benchmark. Siegieda and Zawisza (2026)
extend this framework to asymmetric memory configurations and show that
memory asymmetry stabilises rather than breaks collusion. However, like
much of the existing literature, these studies report outcomes through
aggregate metrics — mean prices and mean profits — that compress information
and may hide the full distribution of pricing behaviours across simulation runs.

This paper argues that to fully understand the nature and stability of
algorithmic collusion, one must look beyond averages and examine the
distribution of outcomes directly. An average price of, say, 0.42 could reflect
a mixture of fundamentally different behaviours: some runs converge to a
stable monopoly price, others to alternative focal prices, and still others to
volatile price cycles whose mean happens to lie in a similar range. From a
competition-policy perspective, these distinctions matter. A market trapped in
a stable collusive equilibrium at the monopoly price poses a different threat to
consumer welfare than a market characterised by Edgeworth-like price cycles
with a supra-competitive average. Yet standard aggregate metrics fail to
capture this diversity.

| propose cluster analysis as a systematic method for identifying distinct
pricing regimes — groups of simulation runs that share similar dynamic patterns
—and apply it to the canonical sequential pricing framework studied by Klein
(2021). The approach extracts a small number of features characterising the
steady-state pricing behaviour and then applies K-means clustering to uncover
the natural groupings present in the data. Rather than reducing the simulation
output to a handful of aggregate statistics, this method preserves the
multi-dimensional structure of the results and allows for a richer economic
interpretation. The analysis covers three memory configurations: the
symmetric one-period baseline, one-period versus no memory, and one-period
versus two-period memory. The analysis starts from the symmetric baseline,
where any heterogeneity uncovered arises endogenously from the stochastic
learning dynamics rather than from built-in asymmetries. The clustering
methodology is fully general and can be extended to finer price grids and
alternative learning algorithms in future work.
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2. Literature Review

This section positions the paper within three relevant strands of research: the
foundations of algorithmic collusion, algorithmic heterogeneity and collusion,
and the analysis of pricing dynamics and regimes.

2.1. Foundations of Algorithmic Collusion

The question whether pricing algorithms can learn to collude without explicit
communication has attracted intense scholarly attention since the seminal legal
analyses of Mehra (2016) and Ezrachi and Stucke (2016). These early
contributions raised the possibility that autonomous algorithms might achieve
outcomes economically equivalent to human cartels yet fall outside existing
antitrust laws because they lack an explicit agreement. Subsequent economic
literature provided robust simulation evidence that this concern is
well-founded. Calvano et al. (2020) show that independent Q-learning agents
in a simultaneous-move duopoly can learn to sustain supra-competitive prices
through reward—punishment strategies, with outcomes satisfying the Nash
criterion. Klein (2021) extends this analysis to a sequential pricing framework
based on Maskin and Tirole (1988), demonstrating that Q-learning agents with
one-period memory consistently achieve supra-competitive profits. Klein,
however, does not systematically report the distribution of final prices across
runs, nor does he examine whether qualitatively different pricing behaviours
underlie the aggregate results. Other studies reinforce these findings in related
settings (Waltman & Kaymak, 2008; Abada & Lambin, 2020). A common
feature across this literature is the reliance on aggregate performance metrics,
which, while informative about central tendencies, provide no information
about the distribution of outcomes or the potential existence of distinct
behavioural clusters.

2.2. Algorithmic Heterogeneity and Collusion

A related strand of research examines whether algorithmic collusion survives
when the competing algorithms are not identical. Most existing work considers
heterogeneity across algorithm classes. Den Boer et al. (2022) show that
Q-learning agents can be exploited by simpler bandit algorithms, leading to
more competitive outcomes. Bichler et al. (2024) and Abada et al. (2024) find
that alternative algorithms often outperform Q-learners and push prices
downward, suggesting that mixing fundamentally different algorithm types
may undermine collusion. Much less is known about heterogeneity within the
same algorithm family — for example, when all firms use Q-learning but differ
in memory depth. Abada et al. (2025) explicitly identify this as a gap. Siegieda
and Zawisza (2026) address it by systematically varying memory depth in a
sequential pricing duopoly, showing that memory asymmetry stabilises rather
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than breaks collusion. The present paper builds directly on their work by
applying cluster analysis to decompose aggregate results into their constituent
pricing regimes and by tracing how regime composition changes across
symmetric and asymmetric memory configurations.

2.3. Pricing Dynamics and the Analysis of Regimes

Beyond the collusion-versus-competition dichotomy, several studies examine
the finer structure of pricing dynamics. Maskin and Tirole (1988) characterise
two types of Markov-perfect equilibria in sequential pricing: focal price
equilibria and Edgeworth price cycle equilibria. Empirical research on retail
gasoline markets documents patterns consistent with Edgeworth cycles, with
considerable variation in cycle length and amplitude (Eckert, 2013; Byrne &
de Roos, 2019), suggesting that even within a broadly cyclic regime substantial
heterogeneity can exist. In the algorithmic collusion literature, Klein (2021)
notes that finer price grids produce Edgeworth-like cycles but does not
systematically categorise their forms or their frequency relative to fixed-price
outcomes. Calvano et al. (2020) similarly treat convergence to different
collusive price levels as incidental. The present paper addresses this gap by
applying cluster analysis to the steady-state pricing data from many simulation
runs, identifying the natural groupings that emerge from the learning dynamics
— whether they correspond to the canonical equilibrium types or to previously
undocumented patterns.

3. Model and Methodology

In this section, | present the sequential pricing model, the reinforcement
learning algorithm, the three memory configurations under study, and the
cluster analysis methodology used to identify distinct pricing regimes.

3.1. Sequential Pricing Duopoly

The environment follows the sequential pricing framework of Maskin and
Tirole (1988), as adapted by Klein (2021). Two firms produce a homogeneous
good at zero marginal cost and compete in an infinite-horizon, discrete-time
setting. In each period t = 1,2,..., only one firm adjusts its price while the
other firm's price remains fixed. The firms alternate deterministically, so that
Firm 1 moves in odd periods and Firm 2 in even periods. The price of the
inactive firm is carried over from the previous period.

Both firms choose prices from a common discrete grid: P = {0,%, vy 13

with k=6 price intervals, yielding the set
{0,0.167,0.333,0.5,0.667,0.833, 1}. This is the same grid used by Klein in
his baseline specification and allows for direct comparability of results.
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Demand is allocated according to an undercutting rule. When firm i sets
price p; and firm j sets price p;, firm i captures the entire market and faces a

linear demand schedule if p; < pj, splits the market equally if p; = p;, and
sells nothing if p; > p;. Formally:

1-p; ifp; <p;

1 .
D; (pip;) = 5 —py) ifp; = p; (1)

Given zero marginal costs, firm i's stage profit is simply:
m;(pi,pj) = pi - Di(pipj) (2)

The monopoly price on the grid is p™ = 0.5, with associated monopoly profit
n™ = 0.125. Following Klein, | take as the competitive benchmark the
average per-period profit of the most competitive Edgeworth price cycle
Markov-perfect equilibrium (MPE) described by Maskin and Tirole (1988),
which yields approximately 0.061 for k = 6.

The alternating-move structure implies that, under the Markov assumption
that strategies condition only on payoff-relevant variables, the relevant state
for the firm about to move is simply the last price set by its competitor. This
one-period memory structure is the natural starting point for the analysis and
is the focus of this paper.

3.2. Q-Learning Algorithm

Both firms are modelled as independent Q-learning agents (Watkins & Dayan,
1992). Q-learning is a model-free reinforcement learning algorithm that seeks
to estimate the long-run value of taking a particular action in a particular state,
without requiring knowledge of the transition dynamics or the competitor's
strategy.

Each firm i maintains a Q-matrix Q;(s, a) of size |S| x |P|, where s in S
is the state (the competitor's last price) and a in P is the chosen price. In the
baseline symmetric configuration, both firms use one-period memory, so
S| = |P| = 7.

After each period in which firm i acts, it updates the Q-value corresponding
to the state-action pair (s, a) that was just realized, according to:

Qi(s,a) « (1 — a)Qi(s,a) + a[mr + §n' +8%max Q;(s’,a)] (3)
a
where a in (0,1) is the learning rate, § in [0,1) is the discount factor, m is the

immediate profit from action a, 7’ is the profit earned in the subsequent period
when the rival moves, and s’ is the successor state. This two-step update
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reflects the sequential nature of the game: after firm i acts, firm j responds, and
only then does firm i observe the full consequences of its action.

Action selection follows an e-greedy policy. With probability ., the firm
explores by picking a price uniformly at random from P. With probability 1 —
&, 1t exploits by choosing the action that maximizes Q;(s,-). The exploration
probability decays over time according to:

g = (1 — 0)t 4)

where the decay parameter 6 is calibrated so that e, = 1 (full exploration at
the start), ez, = 0.001 (0.1% exploration at the midpoint), and e = 10°°
(negligible exploration at the end).

The simulation parameters are set exactly as in Klein (2021): learning rate
a = 0.3, discount factor § = 0.95, and a total horizon of T = 500,000
periods. Both firms' Q-tables are initialized to zero. For each experimental
condition, I run 1,000 independent simulations with distinct random seeds. The
final M = 50,000 periods (10% of the horizon) are treated as the steady state
and used for all subsequent analysis.

3.3. Memory Configurations

The defining feature of a Q-learning agent in this environment is its state
representation—what information it conditions its pricing decision on. Under
the Markov assumption that strategies depend only on payoff-relevant
variables, the natural state for a firm about to move is the last price set by its
competitor. This one-period memory structure is the starting point for most of
the algorithmic collusion literature (Klein, 2021; Calvano et al., 2020).
However, there is no reason that all firms in a market must use the same state
representation. Differences in memory depth—how many periods of past
prices an agent encodes in its state—constitute a natural and policy-relevant
form of algorithmic heterogeneity. This paper examines three configurations
that span a range from complete symmetry to two qualitatively different types
of memory asymmetry. The three memory configurations examined here are
those introduced by Siegieda and Zawisza (2026), whose aggregate results
motivate the present cluster-based reanalysis. These are labelled:

e Scenario A: Symmetric one-period memory. Both firms condition their
decisions on the competitor's most recent price. For firm i moving at
time t, the state is s, = p;._1, Where j denotes the competitor. The
state space for each firm has size |S| = |P| = 7. Thisisthe canonical
baseline studied by Klein (2021) and the configuration that yields the
richest variety of pricing regimes.

e Scenario B: One-period vs. no memory. Firm 1 uses one-period
memory (s, = py¢-1), While Firm 2 has no memory at all — it
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observes a constant state regardless of the history of play (|S,| = 1).
A memoryless agent cannot distinguish between different competitive
situations; it effectively learns a single best price irrespective of what
its rival does. This configuration tests whether a sophisticated agent can
exploit a naive one, or whether the naive agent nonetheless manages to
sustain supra-competitive coordination.

e Scenario C: One-period vs. two-period memory. Firm 1 uses one-

period memory (s; = p,—1), While Firm 2 uses two-period memory,
conditioning on both the competitor's last price and its own last price:
St = (P2,t-1,P1)- The state space for Firm 2 expands to [S,| =
|P|?2 = 49, offering richer strategic possibilities at the cost of
substantially slower learning. This configuration examines whether
deeper memory confers a strategic advantage and whether the
expanded state space hampers convergence.

The three scenarios together allow a systematic assessment of how memory
heterogeneity—both its presence and its type—shapes the set of resulting
pricing regimes. For each scenario, | simulate 1,000 independent runs, each
with a distinct random seed.

3.4. Performance Metrics

To characterize the outcomes of each simulation run, I compute several
metrics. The first is the average price, a direct measure of market outcomes
and a proxy for consumer welfare. For each firm i:

avg_.p; = (1/M) - Z’II;=T—M+1 Dit (5)

I also report the market-wide average avg_p = (avg_p; + avg.p,) /2.
Profitability measures the actual per-period profits realized in the steady
state:

avg_m; = (1/M) - ZZ:T—M+17Ti(Pi,t'Pj,t) (6)

Optimality captures how close each firm's learned behaviour is to a best
response given the competitor's strategy:

_ _ Qi(pirst)

li= maxpepQi(®.5T) ()

where Q; is the firm's final Q-matrix and sy is the state in the final period. A
value of I; = 1 (within a tolerance of 10~°) indicates that the firm is playing
a best response. A simulation run is classified as a Nash equilibrium if I; =
I, = 1 simultaneously. Both optimality and the Nash criterion serve as
supplementary diagnostics—they help interpret the economic nature of the
regimes uncovered by clustering, but they are not the primary focus of the
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analysis. The optimality measure 7; and the Nash-equilibrium criterion are not
used as input features for clustering. Clustering is based purely on the price
features described in Section 3.5; the optimality measures appear only in the
post-clustering analysis (Tables 1-3) to validate whether the identified
fixed-price clusters correspond to Nash equilibria, following Klein (2021).
These aggregate metrics are useful for establishing comparability with
Klein (2021) and for providing a first summary of each scenario. However, as
argued in Section 1, they collapse the rich heterogeneity of individual runs into
single numbers. The cluster analysis described next is the core methodological
contribution of this paper and is designed to overcome this limitation.

3.5. Cluster Analysis Methodology

The core methodological contribution of this paper is the application of cluster
analysis to the steady-state pricing data. Rather than reducing the output of
1,000 simulation runs to a few means, | extract features that capture the
structure of each run's final pricing behaviour and then use a clustering
algorithm to partition the runs into groups that share similar characteristics.
The choice of features differs between the symmetric and asymmetric
scenarios, reflecting a fundamental difference in the economic interpretation
of firm labels.

Symmetric scenario (Scenario A: 1 vs. 1). In the symmetric configuration,
both firms are ex ante identical—they use the same memory depth, the same
learning parameters, and face the same environment. The assignment of the
labels "Firm 1" and "Firm 2" is therefore arbitrary, and a given pricing pattern
should be recognized as the same regime regardless of which firm happened
to set the higher price. For example, a run where Firm 1 consistently charges
0.5 and Firm 2 charges 0.333 is economically distinct from one where both
charge 0.5, but it is the same regime regardless of whether the high price is set
by Firm 1 or Firm 2. To achieve this label-invariance, | transform the raw price
pair (p;, p,) into order statistics:

Pmine = mMin(py ¢, D2¢) (8)

Pmaxt = max(pl,t’pz,t) (9)

and then average these quantities over the steady-state periods to obtain two
features per run:

avg pmin = (1/M) * 2{:T—M+1 Pmin,t (10)
avg Pmax = (1/M) = Z?:T—M+1 Pmax,t (11)

This two-dimensional representation summarises the steady-state behaviour
of each run using two features. Runs where both firms set the same stable price



NB. This article has been accepted for publication in issue 3/2026 of Przeglgd
Statystyczny. Statistical Review. This is a pre-proof version that has not yet
undergone the final proofreading, copyediting and typesetting process.
cluster along the 45-degree line where avg pmin = avg Pmax- RUNS with
persistent price dispersion or large-amplitude cycles appear off the diagonal,
with avg_p.in Substantially below avg_p,,... The distance between these two
values also proxies for the amplitude of price cycles when they are present.

Asymmetric scenarios (Scenarios B and C: 1 vs. 0 and 1 vs. 2). In the
asymmetric configurations, the two firms differ in their memory depth and
therefore in their strategic capabilities. The labels "Firm 1" and "Firm 2" are
no longer arbitrary — they convey economically meaningful information about
which agent has more or less memory. A run where the one-period memory
firm charges 0.5 and the zero-memory firm charges 0.333 is a different
outcome from one where the one-period firm charges 0.333 and the zero-
memory firm charges 0.5, because the distribution of profits and the strategic
roles are reversed. It is therefore appropriate to use the raw firm-specific mean
prices directly as features:

avg_p; = (1/M) *Z?=T—M+1p1,t (12)
avg p, = (1/M) *ZZ:T—MHPZ,t (13)

This preserves the identity of each firm and allows the clustering algorithm
to identify regimes that differ in which firm takes the lead in setting higher or
lower prices. For Scenario B (1 vs. 0), Firm 1 has one-period memory and Firm
2 has none. For Scenario C (1 vs. 2), Firm 1 has one-period memory and Firm
2 has two-period memory.

For both the symmetric and the asymmetric scenarios, the clustering is
based solely on the two price features described above — order-statistic
averages for Scenario A and firm-specific averages for Scenarios B and C. This
deliberately lean set of features captures the essential economic distinction
between fixed-price coordination (where the two features are equal or nearly
equal) and cycling (where they differ), while keeping dimensionality low
enough for robust clustering. The richer statistics reported later in Tables 1-3
are computed after the clusters are formed and serve solely to characterise each
regime and to allow the reader to assess the economic interpretation of the
groupings.

Standardization and clustering algorithm. For all three scenarios, the
features are standardized to zero mean and unit variance before clustering to
ensure that each dimension contributes equally to the distance metric:

Xscatea = X —u)/o (14)
| use the K-means algorithm (MacQueen, 1967) with n_init = 50 random
initializations to mitigate sensitivity to centroid initialization. The choice of k
is guided by a combination of the elbow method (plotting within-cluster sum
of squares against k) and the silhouette score (Rousseeuw, 1987), which
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measures how similar each point is to its own cluster compared to other
clusters. These are standard tools in statistical learning for cluster validation
(James, Witten, Hastie, Tibshirani, & Taylor, 2023). The final choice of k also
incorporates a qualitative criterion: the resulting clusters must be economically
interpretable. Across all three scenarios, both the elbow and silhouette
diagnostics point toward k = 4 or k = 5 as the natural number of clusters. |
select the value that yields the clearest separation into economically distinct
regimes. The specific choice is reported alongside the results for each scenario
in the next section. The methodology is implemented in Python; analogous
clustering procedures are widely available in other statistical computing
environments, including R (Kaminski & Zawisza, 2012). Once each simulation
run has been assigned to a cluster, | examine the within-cluster distributions of
prices, profits, and dynamic patterns. For each cluster, | report the number of
assigned runs, the mean and standard deviation of prices, the mean
profitability, and the share of periods in which both firms set equal prices.

4. Results

This section presents the results of the cluster analysis for each of the three
memory configurations. For each scenario, | report the outcome of the K'means
clustering and characterize the resulting groups in terms of average prices and
profitability. Three qualitatively distinct types of regimes emerge: monopoly
focal price (stable coordination on the joint-profit-maximizing price of 0.5),
collusive focal price (stable coordination on a supra-competitive price lower
than 0.5), and incomplete Edgeworth cycles (persistent price undercutting with
truncated downward phases and supra-competitive averages).

Before examining the cluster compositions, note a general feature of the
learning dynamics. The exploration probability decays to negligible levels by
roughly the midpoint of the simulation horizon (t=250000), so the
steady-state behaviour is exploitation-driven. Which regime a run converges
to depends on the stochastic early exploration phase; once the agents lock in,
the pattern—whether a fixed price or a cycle—persists unchanged. In the
cycling clusters, the cycles are regular and stable throughout the steady state.
Thus, the clusters identified represent stable long-run outcomes rather than
transient dynamics. Illustrative price and profit trajectories for Scenario A are
provided in Appendix Figures Al and A2, where the cluster-level averages are
plotted alongside the scenario-wide mean. These figures confirm that the
clusters represent stable long-run outcomes rather than transient dynamics.

4.1. Scenario A: Symmetric One-Period Memory (1 vs. 1)

The symmetric one-period memory configuration is the canonical baseline
studied by Klein (2021). The diagnostics—as described in section 3.5—point
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to k = 4 clusters. As seen in Table 1, the clusters separate clearly by price
level, price dispersion, and profitability. Cluster 0 (n = 295) is the only group
with substantial price dispersion and asymmetric profits, while Clusters 1-3
exhibit near-perfect price equality and symmetric profits close to their
theoretical grid-point levels. These differences reflect distinct pricing regimes
that are characterized below.

TABLE 1. Scenario A: Symmetric One-Period Memory—steady state (fixed or cyclical)
Prices and Profits by Cluster.. Source: own calculation.

Cluster | n avg_pl | avg p2 | avg p _min | avg_ p_max | std_p min | avg pi | Interpretation

0 295 | 0.469 | 0.460 | 0.302 0.627 0.150 0.094 | Incomplete
collusive
Edgeworth
cycles

focal
(1/3)

1 420 | 0.330 0.330 0.330 0.331 0.027 0.110 | Partial
collusive

price

focal
(1/2)

2 252 | 0.500 | 0.500 | 0.499 0.501 0.015 0.125 | Monopoly

price

focal
(2/3)

3 33 | 0.667 | 0.667 | 0.667 0.667 0.000 0.111 | Collusive

price

Cluster 0 (n = 295) is the only group with substantial price dispersion. The
large gap between avg_p_min (0.302) and avg_p_max (0.627), combined with
the high standard deviation of p_min (0.150), indicates persistent price cycling
with truncated downward phases. These cycles are incomplete in the sense that
the undercutting phase stops well before prices reach the competitive floor,
after which one firm resets the cycle with a large upward jump. The average
profit of 0.094 is well above the competitive benchmark of 0.061, confirming
that this regime, though dynamic, remains supra-competitive. This regime is
labelled incomplete collusive Edgeworth cycles. Cluster 2 (n = 252) is the only
cluster achieving the monopoly price (0.5) and maximum profits (0.125). This
is the monopoly focal price regime. Clusters 1 (n = 420) and 3 (n = 33) are
stable fixed-price regimes at non-monopoly grid points, specifically 0.333
(1/3) and 0.667 (2/3), with near-perfect price equality, very low standard
deviations, and supra-competitive profits (0.110 and 0.111 respectively).
These are labelled collusive focal price equilibria.
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4.2. Scenario B: One-Period Memory vs. No Memory (1 vs. 0)

In this asymmetric configuration, Firm 1 has one-period memory and Firm 2
has no memory. The diagnostics suggest k = 4 clusters. Table 2 reports the
cluster characteristics. All four clusters exhibit stable fixed-price outcomes
with near-zero standard deviations; no Edgeworth cycles appear in this
scenario. The most striking feature of Table 2 is the dominance of Cluster 0,
which captures 74.2% of all runs and converges to the grid price 1/6 (0.167).
This price yields a profit of 0.069, which is only marginally above the
competitive benchmark of 0.061. The monopoly outcome (Cluster 3, with
profit 0.125) emerges in only 8.4% of runs. Clusters 1 and 2 replicate the
collusive focal prices at 1/3 and 2/3 observed in Scenario A, with profits of
0.111 in both cases. The absence of cycles is not a transient phenomenon:
inspection of the full price trajectories confirms that once the agents settle on
a fixed price, they never depart from it during the steady state.

TABLE 2. Scenario B: Asymmetric One-Period Memory vs No Memory—steady state
(fixed or cyclical) Prices and Profits by Cluster.. Source: own calculation.

Cluster | n avg pl | avg p2 | avg p min | avg p_max | std p _min | avg pi | Interpretation

0 742 | 0.167 | 0.167 | 0.167 0.167 0.000 0.069 | Minimal
supra-
competitive
focal  price
(1/6)

1 164 | 0.332 | 0.333 | 0.332 0.333 0.013 0.111 | Collusive
focal  price
(1/3)

2 10 | 0.667 | 0.667 | 0.667 0.667 0.000 0.111 | Collusive
focal  price
(2/3)

3 84 | 0500 | 0.500 | 0.500 0.500 0.001 0.125 | Monopoly
focal  price
(1/2)

The dominance of Cluster 0 is economically significant. Despite the
presence of a memoryless agent, the market does not collapse into competitive
pricing; instead, it stabilizes at the lowest price on the grid that still yields
supra-competitive profits. | label this regime the minimal supra-competitive
focal price. The mechanism is collusive in the sense that both firms maintain a
stable, equal price without undercutting, yet the resulting profit (0.069) is
barely distinguishable from the competitive benchmark (0.061). This contrasts
with the other fixed-price clusters, where profits are substantially higher.

4.3. Scenario C: One-Period Memory vs. Two-Period Memory (1 vs. 2)
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In this configuration, Firm 1 has one-period memory and Firm 2 has two-
period memory. The diagnostics support k = 4 clusters. Table 3 presents the
cluster-wise summary. Cluster 0 (n = 512) is the largest and converges to an
essentially monopoly outcome (avg_pi = 0.124), though with slightly higher
variance than in Scenarios A and B, likely due to the slower learning induced
by Firm 2's larger state space. Cluster 1 (n = 406) reproduces the collusive
focal price at 1/3 with symmetric profits (0.111). Cluster 3 (n = 32) is a
collusive focal price near 2/3, though with moderately higher variance than its
counterparts in Scenario A. Cluster 2 (n =50) stands out. It displays incomplete
Edgeworth cycles with a striking profit asymmetry: the two-period memory
agent (Firm 2) earns 0.132, while the one-period memory agent earns only
0.059. The average market profit of 0.096 remains well above the competitive
benchmark. This is the only regime where the profit distribution is visibly
unequal in favor of one firm, and it illustrates how deeper memory can be
leveraged to capture a disproportionate share of the supra-competitive surplus
within a cycling regime. The cycles in this cluster are persistent throughout the
entire steady-state window and do not exhibit any systematic change in
amplitude or frequency over time.

TABLE 3. Scenario C: Asymmetric One-Period Memory vs Two-Period Memory—steady
state (fixed or cyclical) Prices and Profits by Cluster.. Source: own calculation.

Cluster

n

avg_pl

avg_p2

avg_p_min

avg_p_max

std_p_min

avg_pi

Interpret
ation

0

512

0.496

0.501

0.494

0.503

0.044

0.124

Monopol
y focal
price

(near 1/2)

406

0.333

0.333

0.333

0.334

0.016

0.111

Collusive
focal
price
(1/3)

50

0.599

0.344

0.303

0.641

0.141

0.096*

Incomple
te

Edgewor
th cycles

32

0.651

0.672

0.648

0.674

0.089

0.007

Collusive
focal
price
(near 2/3)

*Note: In Cluster 2, the two-period memory agent (Firm 2) earns an average
profit of 0.132, while the one-period memory agent (Firm 1) earns 0.059. The
table reports the average market profit (avg_pi) of 0.096.*
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4.4. Cross-Scenario Comparison

The tables in the preceding subsections characterize each cluster in isolation.
To see how the overall landscape of pricing regimes changes with memory
asymmetry, | turn to the full distribution of steady-state prices across all 1,000
runs in each scenario. Figure 1 displays the empirical cumulative distribution
function (CDF) of the average market price for each scenario. Figure 2 presents
the corresponding side-by-side histograms.

Under the specific parameterisation studied, the CDF of Scenario C lies
almost everywhere below that of Scenario B, which in turn lies below that of
Scenario A. This near-uniform ordering means that the price distribution in
Scenario C first-order stochastically dominates (FOSD) that in Scenario B, and
Scenario B stochastically dominates Scenario A. In other words, among the
three configurations examined, prices are unambiguously higher in Scenario C
than in Scenario B, and in Scenario B than in Scenario A—a ranking that a
welfare-minded regulator would interpret as increasing consumer harm
(Mas-Colell et al., 1995). The rightward shift of probability mass is equally
clear in the histograms: moving from Scenario B (where the dominant outcome
is the minimal supra-competitive price of 1/6) through Scenario A (where the
supra-competitive price of 1/3 and incomplete cycles together account for over
70 % of runs) to Scenario C (where the monopoly price becomes the majority
regime), the distribution visibly concentrates at higher prices.

FIGURE 1. Empirical CDF of steady-state market price by scenario. Source: own
calculation.
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FIGURE 2. Distribution of steady-state market prices by scenario. Source: own calculation.
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Price range
1 ~0.167
71 ~0.333
51 ~0.472 (cycles)
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=1 ~0.667

Table 4 quantifies these shifts using the regime typology developed in

Sections 4.1-4.3.

TABLE 4. Regime Distribution Across Scenarios (percentage of runs). Source: own

Edgeworth cycles

calculation.
Regime Scenario A (1vl) Scenario B (1v0) Scenario C (1v2)
Monopoly focal | 25.2% 8.4% 51.2%
price (1/2)
Collusive focal price | 42.0% 16.4% 40.6%
(1/3)
Collusive focal price | 3.3% 1.0% 3.2%
(2/3)
Collusive focal price | — 74.2% -
(1/6)
Incomplete 29.5% - 5.0%
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Three main findings emerge. First, the symmetric baseline (Scenario A)
yields the greatest diversity of regimes: nearly 30% of runs fall into incomplete
Edgeworth cycles, only a quarter attain the monopoly price, and the remaining
45% are split between the supra-competitive prices of 1/3 and 2/3. The
commonly reported aggregate statistics thus conceal a heterogeneous mixture.
Second, the memoryless agent in Scenario B eliminates cycles completely and
anchors the market at the lowest supra-competitive price of 1/6 in almost three-
quarters of the runs. Third, introducing a two-period memory agent (Scenario
C) more than doubles the probability of the monopoly outcome relative to the
symmetric baseline (from 25.2% to 51.2%) and reduces the frequency of cycles
from 29.5% to 5.0%. Memory asymmetry therefore does not merely preserve
collusion—it systematically shifts the distribution of prices toward higher,
more profitable outcomes, as the stochastic dominance ordering in Figure 1
and Figure 2 confirms.

5. Discussion
5.1. The Spectrum of Algorithmic Coordination

The cluster analysis reveals that algorithmic collusion is not a single outcome
but a spectrum of at least three pricing regimes. First, monopoly focal price—
both firms settle on the joint-profit-maximizing price of 0.5. Second, collusive
focal prices at non-monopoly grid points, such as 1/3 or 2/3, where
coordination is equally stable but profits are lower. Third, incomplete
Edgeworth cycles, in which firms undercut each other repeatedly yet the
average price remains close to the monopoly level. These regimes are all
supra-competitive, but they differ fundamentally in their underlying dynamics
and welfare consequences. In the symmetric baseline, only about a quarter of
runs reach the monopoly outcome; the rest are split between other focal prices
and cycles. The binary view of “collusion or not” that dominates the literature
thus misses the variety of ways in which algorithms can coordinate.

5.2. Memory Asymmetry as a Stabilizer of Collusion

Across the three scenarios examined, memory asymmetry does not undermine
algorithmic collusion; instead, it stabilises coordination. In the symmetric
baseline, only about half of all runs converge to a fixed-price equilibrium,
while the rest exhibit cycles. When one firm has no memory (Scenario B),
every run settles on a fixed price, eliminating cycles completely. When one
firm has two-period memory (Scenario C), fixed-price equilibria account for
95 % of runs, and the monopoly outcome alone captures over half of all runs—
more than double its share in the symmetric case. Thus, within the parameter
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space studied, asymmetry pushes the market toward stationary collusion, and
deeper memory on one side strongly favours the most profitable equilibrium.

5.3. Why Averages Mislead

The standard practice of reporting only average prices and profits masks this
entire structure. In the symmetric scenario, the global average profit of 0.109
is a blend of runs that yield 0.125, 0.110, and 0.094, each corresponding to a
qualitatively different regime. A policymaker seeing only the aggregate
number would have no way to know that full monopoly collusion occurs in a
minority of cases, or that cycling runs produce near-monopoly average prices
through a competitive-looking process. Cluster analysis avoids this pitfall by
letting the data reveal its own structure. It partitions the simulations into
economically meaningful groups without imposing prior assumptions, using
only the steady-state price patterns. This method provides a richer and more
actionable picture, and | suggest it become a standard robustness check in
future algorithmic-collusion studies.

5.4. Policy Implications: Detection and Monitoring

For competition authorities, the results imply that diagnosing algorithmic
collusion requires looking beyond average price levels. Although authorities
do not have access to thousands of repeated simulations, they can obtain
historical time series of firm-level prices once an investigation begins—a
single realization of the price-generating process. By discretising the price grid
and comparing the observed trajectory against the cluster prototypes identified
here, they could assess whether the pattern resembles a stable focal-price
regime, an Edgeworth cycle, or a competitive benchmark. Different regimes
produce different dynamic signatures, and cluster-based monitoring tools
would thus enable more targeted interventions than simple price-level
comparisons.

Two specific regimes warrant particular attention. First, incomplete
Edgeworth cycles are deceptive: prices change frequently, giving an
impression of competition, yet the average price hovers near the monopoly
level and consumer harm is severe. Second, collusive focal prices at
non-monopoly grid points are equally stable and harmful relative to the
competitive benchmark; disrupting one focal price may simply cause the
algorithms to re-coordinate on another. Hence, the entire grid of possible focal
prices—1/6, 1/3, 1/2, 2/3—should be of regulatory concern, not only the
monopoly outcome.

5.5. Limitations and Future Research
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This study is confined to a specific parameterization: a coarse price grid with
k = 6 intervals, fixed learning parameters, and a single horizon of 500,000
periods. Klein (2021) showed that finer grids (k = 24) amplify cycling
dynamics. Whether the same regime typology and the stabilizing effect of
memory asymmetry hold under finer grids, alternative exploration schedules,
or other learning algorithms (e.g., deep Q-networks) remains an open question.
Additionally, the cluster analysis is descriptive; it does not explain why a given
run converges to one regime rather than another. Understanding the
determinants of regime selection, perhaps by analysing early-stage learning
trajectories, is a promising avenue for future work. Finally, a full
consumer-welfare quantification of the different regimes, incorporating the
deadweight loss from supra-competitive prices and the additional costs of price
volatility, would strengthen the policy conclusions.

6. Conclusions

This paper set out to look beyond the aggregate statistics that dominate the
algorithmic collusion literature and to uncover the true heterogeneity of
outcomes in a sequential pricing duopoly. Using cluster analysis on the
steady-state pricing data of Q-learning agents, | find that algorithmic
coordination is not a single monolithic phenomenon but a spectrum of three
distinct regimes: monopoly focal price, collusive focal price at other grid
points, and incomplete Edgeworth cycles. Each regime is supra-competitive,
yet each operates through a different mechanism and poses distinct challenges
for detection and policy.

A key finding is that introducing memory asymmetry—a realistic form of
between-firm heterogeneity—does not break collusion. On the contrary, it
stabilises coordination, pushing the market toward fixed-price equilibria and,
when one agent has deeper memory, strongly favouring the monopoly
outcome. This result challenges the intuition that diverse algorithms
automatically restore competition.

Methodologically, the paper demonstrates that cluster analysis is a simple
yet powerful tool for revealing the structure hidden in simulation data. It avoids
the information loss inherent in averaging and should be adopted as a standard
complement to aggregate metrics in future research.

For competition policy, the findings suggest that market monitoring should
move beyond price-level analysis. Tools that can classify pricing regimes
based on their dynamic signatures could help authorities distinguish genuinely
competitive markets from those in which algorithms have autonomously
coordinated. In an era of widespread algorithmic pricing, understanding not
just whether collusion occurs, but what kind of collusion, will be essential.
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Appendix

This appendix presents Figures A1 and A2, showing steady-state price and
profit trajectories for the symmetric one-period memory configuration
(Scenario A).

FIGURE Al. Price trajectories for Scenario A (1 vs. 1, symmetric one-period memory). .
Source: own calculation.
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FIGURE A2. Profit trajectories for Scenario A (1 vs. 1, symmetric one-period memory). .
Source: own calculation.
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